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Novel Electromagnetic Design for a Precision Planar
Positioner Moving Over a Superimposed

Concentrated-Field Magnet Matrix
Vu Huy Nguyen, Student Member, IEEE, and Won-jong Kim, Senior Member, IEEE

Abstract—This paper presents the electromagnetic design and
force calculation of a compact multiaxis precision positioner. A
six-coil single-moving-part platen moves over a superimposed
concentrated-field permanent-magnet matrix. With a rectangular
coil placed in the magnetic field generated by the superimposed
concentrated-field magnet matrix, the force acting on the coil is
calculated by volume integration based on the Lorentz force law.
The distance between the long sides and that between the short
sides of a rectangular coil are designed to be a half pitch and one
pitch of the magnet matrix, respectively. This allows for the simpli-
fication of force generation and calculation, compact size, and light
mass (0.64 kg) of the moving platen. Six coils are divided into three
two-phase linear-motor armatures with 270◦ or 450◦ phase differ-
ences. The complete force–current relation for the entire platen
with the six coils is derived. Experimental results are presented to
verify the working principle of the positioner designed in this pa-
per. The positioner can be employed for the stepping and scanning
applications that require 3-DOF planar motions with long travel
ranges in two horizontal directions and small rotational motions
about the vertical axis.

Index Terms—Concentrated-field magnet matrix, electromag-
netic analysis, multiaxis positioner, permanent-magnet actuator,
planar motor, precision motion control.

I. INTRODUCTION

PRECISE planar positioners have been increasingly used in
a large number of applications in microscale assembly and

alignment, scanning probe microscopes, surface profilometers,
and microelectronic assembly. Along with these, a common
application of high-precision planar positioning systems is the
wafer stepper/carrier in photolithography. A 2-D magnet matrix,
which can be the moving or stationary part, and windings can be
employed in the applications that require precise planar motions
with long travel ranges in two orthogonal directions.

Asakawa introduced the first 2-D positioning device that
employed a magnet matrix and a moving-coil platen [1].
Trumper et al. presented a design and analysis framework for
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surface-mounted linear motors consisting of permanent mag-
nets and ironless current-carrying coils [2]. The superimposed
concentrated-field Halbach magnet matrix [3] was introduced
in [4] and [5] and used in [6]–[8], and the study presented
in this paper. Chitayat provided a magnet configuration to in-
crease peak flux density and packing density in comparison to
Asakawa’s magnet matrix [9]. Cho et al. proposed a new 2-D
permanent-magnet array for planar motors [10]. In [10, Fig. 1],
the authors compare the aforementioned magnet matrices.

Sawyer motor was the first variable-reluctance type of planar
motors commercially available in the industry [11]. Its advan-
tages are high speed, long travel ranges, and capability of posi-
tioning in open loop. Its drawbacks include large cogging forces
and attractive forces, overheating, and challenges in manufac-
turing the teeth with high precision.

Cho et al. analyzed and designed a permanent-magnet pla-
nar motor [12], [13]. The moving part had four three-phase
permanent-magnet synchronous motors. The stationary part was
the magnet matrix introduced in [10]. The force constant and
the back electromotive force (EMF) constant were derived. The
effect of the coil position and the coil width on the back EMF
was analyzed [12]. The coil size was determined from the force
calculation so that, in the horizontal plane, each motor generated
the force in either x- or y-direction.

A maglev planar actuator was developed by Jansen et al. [7].
The translator contained a Halbach magnet array. The stationary
part was an array of 84 coils oriented at a 45◦ angle to the magnet
matrix. The set of 24 adjacent energized coils changed with the
position of the translator in the xy plane [7]. The advantages
were long travel ranges in x and y and no wire connected to the
moving part. However, the forces acting on the moving platen
were distributed within the area corresponding to the adjacent
energized coils. When the platen moved, the force allocation
must change when two sets of energized coils are switched. The
varying error torques about the horizontal x- and y-axes should
have been taken into consideration.

A compact 6-DOF precision positioner was developed by Yu
[8]. In this design, the single-moving-part platen moved over a
superimposed Halbach magnet matrix. There were three motors
with three phases per motor. As in [5], the force calculation was
based on DQ decomposition, and the current–force relation was
linear and position independent. The motors were arranged in
the platen in an optimized triangular configuration.

In this paper, a novel electromagnetic design and commuta-
tion law for a 3-DOF planar positioner moving over a super-
imposed Halbach magnet matrix is developed and tested [14].

0885-8969/$26.00 © 2011 IEEE
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Fig. 1. Photograph of the 3-DOF planar positioner.

Fig. 1 shows a photograph of the fully assembled positioner.
Three air bearings are used to support the moving platen against
gravity, allowing for smooth motions without mechanical con-
tact. The moving platen mainly consists of six coils on a Delrin
frame. These six coils are divided into three two-phase linear-
motor armatures with 270◦ or 450◦ phase differences. The coil
size and arrangement were determined to target two purposes.
First, the electromagnetic forces acting on the opposite sides
of a rectangular coil double up or cancel out. This strength-
ens the resultant force in the desired direction and simplifies
the force calculation. Second, in the horizontal plane, only one,
either x or y, force component is to be generated by each mo-
tor. The disadvantage of this structure is the power cables and
sensor wires connected to the moving platen, causing force dis-
turbances. However, the significant advantages are the smallest
number of coils, light mass, compact size, and low power con-
sumption. Assuming negligible vertical motion due to very high
stiffness of the air bearings, the linear current–force relation can
be computed and processed in real time.

Section II derives the field solution of the concentrated-field
Halbach magnet matrix by superimposing those of two single-
axis Halbach magnet arrays. Section III presents the electro-
magnetic design of the positioner, including the analysis for
coil design and placement on the moving platen. In Section IV,
the electromagnetic forces acting on a single coil and the re-
sultant electromagnetic forces acting on the 6-coil platen are
calculated. Experimental results are presented in Section V.

II. FIELD SOLUTION FOR THE SUPERIMPOSED

HALBACH MAGNET MATRIX

We consider a single-axis Halbach magnet array that has
magnetic flux-density components in y and z [2], as shown in

Fig. 2. Single y-axis Halbach magnet array with its magnetization.

Fig. 2. Oxyz is a Cartesian inertial coordinate system fixed to
the magnet array.

Along the y-axis, the magnetic flux density varies periodically
with a spatial period of L. Following [5], a complex Fourier
series representation is used for the field solution. The magnetic
flux density B at a point (x, y, z) is

B =
+∞∑

n=−∞
(Bz,n iz + By,n iy )

=
+∞∑

n=−∞
(B̃z ,n e−jkn y iz + B̃y ,n e−jkn y iy ). (1)

The z-component and the y-component magnetic flux densi-
ties are, respectively

Bz (y, z) =
+∞∑

n=−∞
Bz,n (y, z) =

+∞∑

n=−∞
B̃z ,n (y, z)e−jkn y (2)

By (y, z) =
+∞∑

n=−∞
By,n (y, z) =

+∞∑

n=−∞
B̃y ,n (y, z)e−jkn y (3)

where

B̃z ,n (y, z) = μ0

(
− jkn

2γn
M̃y,n +

1
2
M̃z,n

)
(1 − e−γn Δ)e−γn z

(4)

B̃y ,n (y, z) = μ0

(
−1

2
M̃y,n − jγn

2kn
M̃z,n

)
(1 − e−γn Δ)e−γn z .

(5)

The z magnetization component is

M̃z,n =
√

2M0/(π|n|) for n = ±(8r + 1) or n = ±(8r + 3)

(6)

M̃z,n =
−
√

2M0

(π|n|) for n = ±(8r + 5) or n = ±(8r + 7) (7)

where r is a nonnegative integer. The y magnetization compo-
nent is

M̃y,n = jnM̃z,n . (8)

Here, L = 50.8 mm is the spatial pitch of the Halbach magnet
array. kn = 2πn/L is the spatial wave number of the nth har-
monic, and γn = |kn |. Δ = 12.7 mm is the thickness of the
magnet blocks. M0 is their peak magnetization.

From (4) to (7), in case n = ±(4k + 3), with a nonnegative
integer k, we have

− jkn

2γn
M̃y,n +

1
2
M̃z,n = 0 and −1

2
M̃y,n − jγn

2kn
M̃z,n = 0.

(9)
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In case n = ±(4k + 1), it is clear that

− jkn

2γn
M̃yn +

1
2
M̃zn = M̃zn and

−1
2
M̃yn − jγn

2kn
M̃zn = −jnM̃zn . (10)

Therefore, for n = 4k + 1, the following holds

Bz,n (y, z) + Bz,−n (y, z)

= 2μ0M̃z,n (1 − e−γn Δ)e−γn z cos(kny)

= 2μ0(−1)k

(√
2M0

πn

)
(1 − e−γn Δ)e−γn z cos(kny) (11)

By,n (y, z) + By,−n (y, z)

= −2μ0M̃z,n (1 − e−γn Δ)e−γn z sin(kny)

= 2μ0(−1)k+1

(√
2M0

πn

)
(1 − e−γn Δ)e−γn z sin(kny). (12)

The field solution for the y-axis Halbach magnet array is

Bz,sg y (y, z) =
+∞∑

k=0

(−1)k b0(z) cos(γny) (13)

By,sg y (y, z) =
+∞∑

k=0

(−1)k+1b0(z) sin(γny) (14)

where

b0(z) =
2
√

2μ0M0

πn
(1 − e−γn Δ)e−γn z . (15)

Similarly, the field solution for the x-axis Halbach magnet
array is

Bz,sg x(x, z) =
+∞∑

k=0

(−1)k b0(z) cos(γnx) (16)

Bx,sg x(x, z) =
+∞∑

k=0

(−1)k+1b0(z) sin(γnx). (17)

Now we consider two single-axis Halbach magnet arrays be-
ing orthogonally superimposed into a plane to yield a resultant
magnetic field as shown in Fig. 3. The concept of superimposing
two single Halbach magnet arrays to form a concentrated-field
magnet matrix was introduced in [4], [5], and [15]. The su-
perimposed magnet matrix comprises cubic magnet blocks and
aluminum spacers. Each has the edge length of 12.7 mm. Among
the magnet blocks, the ones noted as N (North) and S (South)
in Fig. 4 are NdFeB50 with the remanence of 1.43 T. At their
positions, two vectors of magnetic flux densities generated by
the two single-axis magnet arrays are in the same direction. The
magnet blocks with an arrow in Fig. 4 are NdFeB30 with the
remanence of 1.10 T. At their positions, two vectors of mag-
netic flux densities generated by the two single-axis magnet
arrays are orthogonal. The blank squares in Fig. 4 are aluminum
spacers, where the magnetic flux densities generated by the two
single-axis magnet arrays cancel out.

Fig. 3. Plots of (a) x-direction, (b) y-direction, and (c) z-direction magnetic
flux-density components.

Fig. 4. Superimposing two orthogonal single-axis Habach magnet arrays.

For this superimposed Halbach magnet matrix, linear super-
position holds. At every point, the resultant y- and x-direction
magnetic flux-density components generated by the superim-
posed magnet matrix are those generated by the y-axis and
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Fig. 5. (a) Dimension of the coil and (b) a single-turn coil.

Fig. 6. Two equal forces generated by the two long coil sides.

x-axis magnet arrays, respectively. This is because the y-axis
and x-axis magnet arrays do not generate the x-direction and
y-direction magnetic flux-density components, respectively.
The resultant z-direction magnetic flux-density component gen-
erated by the superimposed magnet matrix is the vector sum of
those generated by the two single y-axis and x-axis magnet
arrays, Bz,sg y and Bz,sg x . The field solution for the superim-
posed magnet matrix is

Bz (x, y, z) = Bz,sg y (y, z) + Bz,sg x(x, z)

=
+∞∑

k=0

(−1)k b0(z) cos(γny) +
+∞∑

k=0

(−1)k b0(z) cos(γnx)

Bx(x, z) = Bx,sg x(x, z), By (y, z) = By,sg y (y, z). (18)

Fig. 3(a)–(c), respectively, show the plots of the resultant x-, y-,
and z-direction magnetic flux-density components on the plane
of z = 3 mm.

III. ELECTROMAGNETIC DESIGN

On a plane parallel to the surface of the superimposed
Halbach magnet matrix, the z-direction magnetic flux-density
components Bz,sg x and Bz,sg y generated by the x-axis and
y-axis Halbach magnet arrays vary periodically along the x-axis
and the y-axis, respectively. In two opposite sides of a rectan-
gular coil, an electric current flows in the opposite directions.
We determined the dimension of a coil so that the magnetic flux
densities in the two opposite sides of the coil are in reverse. In
that case, the electromagnetic forces acting on these two sides
add up to be stronger. For this purpose, the distance between
the long sides, I and III in Fig. 5(a), of a coil is designed to be
L/2, the half pitch of the magnet matrix. In Fig. 6, two filled
rectangles are cross sections of the two long sides of a coil

Fig. 7. Coil position where the resultant force in y is zero.

Fig. 8. Two coils complement each other to generate the resultant force in y.

with a current flowing in the opposite directions. Bz (y) is the
z-direction magnetic flux-density component generated by the
y-axis magnet array. The two y-direction electromagnetic forces
have the same magnitudes and directions.

The distance between the two short coil sides, II and IV,
is designed to be L, the full pitch of the magnet matrix. The
x-direction electromagnetic forces acting on sides II and IV due
to the magnetic flux-density component Bz,sg x have the same
magnitudes and opposite directions. Thus, when considering the
electromagnetic forces acting on a coil in the horizontal xy plane
as in Fig. 5(a), the resultant x-direction force is zero.

For this rectangular coil, when the coil sides are aligned to the
edges of the magnet matrix, there must be a position where two
opposite sides are symmetric about the peak of a magnetic flux-
density component. For example, in Fig. 7, the z-component
magnetic flux density is distributed equally along the widths
of the two coil sides. The resultant horizontal force generated
by these two coil sides is zero, no matter how large the coil
current is.

At least two phases are required to drive the platen in one
axis. This means that for 3-DOF planar motions, the minimum
number of coils needed is six. For the y-direction force compo-
nent, for example, two coils are placed in parallel with a proper
distance along y so that when the resultant y-direction force act-
ing on one coil is zero, the other coil can generate the force in
y. For this reason, the two coils are placed so that one leads the
other by 3 L/4 along the y-axis. Fig. 8 illustrates this method.
This set of two coils becomes a two-phase linear-motor armature
with 270◦ phase difference. Three sets with two coils per set can



56 IEEE TRANSACTIONS ON ENERGY CONVERSION, VOL. 27, NO. 1, MARCH 2012

Fig. 9. Coils numbers, their relative positions, and base points.

Fig. 10. Coil dimensions and the base points for force calculation, unit: mm.

generate the forces to move the platen on a plane. Fig. 9 shows
the actual placement of six such coils mounted on the bottom
surface of the moving platen. Instead of 270◦, coils 5 and 6 as
noted in Fig. 9 are separated with 450◦ phase difference. This is
to make the mechanical design and assembly easier, providing
room for an air bearing placed between coils 5 and 6.

The coil specifications were determined, and the electric
currents were limited so that the displacement errors in the
z-direction are negligible due to high stiffness of the air bear-
ings, as discussed in Section IV-C. The coil dimension is given
in Fig. 10. The wire type is heavy-build AWG #24 heat-bondable
wire. The linear turn density of the coil along the width a is λ =
1968.50 turns/m and along the height d is β = 1711.74 turns/m.
The coil resistance is 1.98 Ω, and the coil inductance is 1.28 mH
by our measurements.

IV. FORCE CALCULATION AND ALLOCATION

Ignoring the four corners of a coil, we calculate the electro-
magnetic forces acting on four right-rectangular-prism sides of
the coil by volume integration. A calculation scheme is illus-
trated as in Fig. 11.

Fig. 11. Scheme to implement volume integration.

A. y-Direction Force Acting on a Right-Rectangular-Prism
Coil Side

We calculate the electromagnetic force, which is generated
by the resultant z-direction magnetic flux-density component,
acting on a right-rectangular-prism part of the coil where the
electric current flows in the positive x-direction. In all the equa-
tions throughout this paper, we use n = 4 k + 1.

The resultant z-axis magnetic flux-density component is

Bz (x, y, z) =
+∞∑

k=0

Bn (z) cos(γny) +
+∞∑

k=0

Bn (z) cos(γnx) (19)

Bn (z) = (−1)k b0(z). (20)

F3yn is the force component acting on the coil side due to the
nth-order harmonic in the expansion of Bz (x, y, z), which is

Bz,n = Bn (z) cos(γny) + Bn (z) cos(γnx). (21)

The coil side has the length p along the x-axis, the width a, and
the height d as shown in Fig. 11. First, we consider the force
F1yn acting on a line segment with length p of a single coil turn
due to Bz,n . The line segment is parallel to the x-axis with the
current i being flowed to the positive x-direction. F1yn (x0 , y0 ,
z0) is the force acting on the line segment from the point (x0 ,
y0 , z0) to the point (x0 + p, y0 , z0)

dF 1yn = idxix × Bz,n (x, y, z)iz = −idxBz,n (x, y, z)iy

(22)

F1yn (x0 , y0 , z0) = −i

∫ x0 +p

x0

[Bn (z0) cos(γny0)

+ Bn (z0) cos(γnx)]dx

= −iBn (z0)
{

p cos(γny0)

+
2
γn

cos
[
γn

(
x0 +

p

2

)]
sin

(γnp

2

)}
. (23)

We denote F2yn as the force due to Bz,n acting on a rectan-
gular cross section of the right-rectangular-prism coil side. The
rectangular cross section is parallel to the xy plane and has the
length p and width a. F 2yn (x0 , y0 , z0) is the y-direction force
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due to Bz,n acting on the rectangular bottom surface, which
contains the point (x0 , y0 , z0), of the coil side

dF 2yn (x, y, z) = F 1yn (x, y, z)λdy (24)

F2yn (x0 , y0 , z0) =
∫ y0 +a

y0

F1yn (x0 , y, z0)λdy

= −iλBn (z0)
∫ y0 +a

y0

{
p cos(γny)

+
2
γn

cos
[
γn

(
x0 +

p

2

)]
sin

(γnp

2

) }
dy

= −iλBn (z0)
(

2
γn

){
p cos

[
γn

(
y0 +

a

2

)]
sin

(γna

2

)

+ a cos
[
γn

(
x0 +

p

2

)]
sin

(γnp

2

)}
. (25)

F 3yn (x0 , y0 , z0) is the resultant force due to Bz,n acting on
the right-rectangular-prism coil side with length p, width a, and
height d

dF 3yn (x, y, z) = F 2yn (x, y, z)βdz (26)

F3yn (x0 , y0 , z0) =
∫ z0 +d

z0

F2yn (x0 , y0 , z)βdz (27)

F3yn (x0 , y0 , z0) = −iλ
2β

γn

{
p cos

[
γn

(
y0 +

a

2

)]
sin

(γna

2

)

+ a cos
[
γn

(
x0 +

p

2

)]
sin

(γnp

2

)}∫ z0 +d

z0

Bn (z)dz. (28)

From (15) and (20), it is seen that
∫ z0 +d

z0

Bn (z)dz=(−1)k 2
√

2μ0M0

πn
(1−e−γn Δ)

∫ z0 +d

z0

e−γn z dz

=
(−1)k b0(z0)(1 − e−γn d)

γn
=

Bn (z0)(1 − e−γn d)
γn

. (29)

From (25), (28), and (29), we have

F3yn (x0 , y0 , z0) =
F2yn (x0 , y0 , z0)(1 − e−γn d)β

γn
. (30)

The total y-direction electromagnetic force generated by the
z-component magnetic flux density Bz acting on the coil side
is found to be

F 3y = iy

+∞∑

k=0

F2yn (x0 , y0 , z0)(1 − e−γn d)β
γn

. (31)

B. y-Direction Force Acting on a Single Coil

The resultant y-direction force acting on a single coil, as
shown in Fig. 10, is the sum of two y-direction forces gener-
ated by the z-direction magnetic flux-density component of the
magnet matrix, acting on the long sides I and III of the coil.
The effect of quarter-cylinder parts at the corners of the coil is
neglected. In practice, as in Fig. 10, at the very ends of each
filled rectangles, the coil turns curve slightly with the projected
length in the x-axis of the curved segments being 1.5 mm. The
volume integration to calculate the force acting on each coil

side is implemented with the assumption that all the segments
of the coil turns along the length p of the coil side are straight
lines. This approximation is reasonable for two reasons. First,
it simplifies the volume integration and shortens the calculation
time so that the force-current relation can be processed in real
time. Second, in spite of this approximation, a feedback con-
trol loop is used to position the moving platen with the desired
positioning precision.

In Fig. 10, the current flows in the sides I and III of the coil
are i and −i, respectively. From (25) and (31), the y-direction
forces due to Bz,n acting on the sides I and III, with the base
points of (x1 , y1 − a, z1) and (x1 , y1+ q, z1), respectively, are

F I
3yn = −iλβBn (z1)

(
2
γ2

n

){
p cos

[
γn

(
y − a

2

)]
sin

(γna

2

)

+ a cos
[
γn

(
x1 +

p

2

)]
sin

(γnp

2

)}
(1 − e−γn d) (32)

F III
3yn = iλβBn (z1)

(
2
γ2

n

){
p cos

[
γn

(
y1 + q +

a

2

)]
sin

(γna

2

)

+ a cos
[
γn

(
x1 +

p

2

)]
sin

(γnp

2

)}
(1 − e−γn d). (33)

The resultant y-direction force acting on the coil is

Fyn = F I
3yn + F III

3yn = i bn (z1) cos
[
γn

(
y1 −

a

2

)]
(34)

bn (z1) = −λβpBn (z1)
(

4
γ2

n

)
sin

(γna

2

)
(1 − e−γn d). (35)

The y-direction electromagnetic force acting on each coil side is
the sum of two y-direction force components. The first one, hav-
ing sin(γn a/2) in (32) and (33), is generated by the z-direction
magnetic flux-density component, Bz,sg y , of the single y-axis
Halbach magnet array. The second force component, having
sin(γn p/2) in (32) and (33), is generated by the z-direction
magnetic flux-density component, Bz,sg x , of the single x-axis
Halbach magnet array. Because Bz,sg x varies identically along
the length p of the two coil sides I and III, the two y-direction
electromagnetic forces acting on coil sides I and III due to
Bz,sg x have the same magnitude in opposite directions and are
aligned in a straight line perpendicular to the x-axis. They can-
cel out in calculating both the resultant y-direction force and
the resultant torque about the z′-axis acting on the platen. Two
y-direction force components taken into account are generated
by Bz,sg y .

When the coil as in Fig. 10 moves along the y-axis, the
y-direction force in (34) due to the n-th harmonics of Bz (x,
y, z) in (18) varies sinusoially with respect to y1 . The ratio be-
tween the amplitude of Fy 5 , the electromagnetic force due to the
fifth-order harmonics of Bz (x, y, z), and the amplitude of Fy 1 ,
the electromagnetic force due to the fundamental harmonics of
Bz (x, y, z), is calculated to be 0.950%. The ratio between the
amplitude of Fy 9 and the amplitude of Fy 1 is 0.010%. Therefore,
to simplify the force calculation, we only use the fundamental
harmonics of the magnetic flux-density components. With (20),
(34), (35), and n = 1, the y-direction force acting on a single



58 IEEE TRANSACTIONS ON ENERGY CONVERSION, VOL. 27, NO. 1, MARCH 2012

coil is

Fy,coil = i b1(z1) cos
[
γ1

(
y1 −

a

2

)]
(36)

b1(z1) = −λβpb0(z1)
(

4
γ2

1

)
sin

(γ1a

2

)
(1 − e−γ1 d). (37)

With the fundamental harmonics of Bz (x, y, z), the y-direction
electromagnetic force acting on a single rectangular wire turn
with dimensions of L in x and L/2 in y is

Fy,turn = −2iLb0(z1) cos(γ1y1). (38)

To validate (38), let us consider a limit case. When the coil in
Fig. 10 becomes a single-turn wire as in Fig. 5(b), the thickness
a and the height d of the coil approach the diameter of a single
wire turn with λa → 1 and βd → 1. As a and d become very
small, we have sin(γ1a/2) ∼= γ1a/2 and (1 − e−γ1 d) ∼= γ1d.

In this case, according to (37), it is seen that

b1(z1) ∼= −λβLb0(z1)
(

4
γ2

1

)(γ1a

2

)
(γ1d)

= −(λa)(βd)2Lb0(z1) → −2Lb0(z1). (39)

Using this result with (36), we have Fy,coil ∼= −2iLb0(z1)
cos(γ1y1), which matches with (38).

C. Force–Current Relation for the Six-Coil Platen

This section is to derive the transformation between the elec-
tric currents flowing in the six coils and the resultant electro-
magnetic forces acting on the moving platen.

1) Force Acting on the Platen in the x-Direction: The elec-
tromagnetic forces acting on the platen in the x-direction are
generated by the coils 5 and 6 as shown in Fig. 9. In calculating
this force, the result of Section IV-B is utilized. However, in this
case, as in Fig. 9, the long sides of coils 5 and 6 are parallel to the
y-axis. For coil 6, (x1 , y1 , z1) in (36) and (37) must be replaced
with (x6 , y6 , z1)|x∗y ∗z ∗ represented in the x∗y∗z∗ frame. In order
to base on the xyz frame and apply (36) and (37) to calculate
the x-direction electromagnetic force acting on coil 6, (x1 , y1 ,
z1) in (36) and (37) is replaced by (y6 , −x6 , z1)|xyz , or, to be
concise, (y6 , −x6 , z1). The electromagnetic force acting on coil
6 is

Fx,6 = i6b1(z1) cos
[
γ1

(
x6 +

a

2

)]
. (40)

Because x5 = x6 + 5 L/4, for the resultant x-direction elec-
tromagnetic force acting on coil 5, x6 in (40) is replaced with
(x6 + 5 L/4)

Fx,5 = −i5b1(z1) sin
[
γ1

(
x6 +

a

2

)]
. (41)

The total force acting on the platen in the x-direction is

Fx,p = b1(z1)
{
−i5 sin

[
γ1

(
x6 +

a

2

)]
+ i6 cos

[
γ1

(
x6 +

a

2

)]}
.

(42)

With x6 = x1 + 3 L/4, (42) becomes

Fx,p = b1(z1)
{
i5 cos

[
γ1

(
x1 +

a

2

)]
+ i6 sin

[
γ1

(
x1 +

a

2

)]}
.

(43)
2) Force Acting on the Platen in the y-Direction: Equations

(36) and (37) can be applied directly in this case. The electro-
magnetic force acting on coil 1 in the y-direction is

Fy,1 = i1b1(z1) cos
[
γ1

(
y1 −

a

2

)]
. (44)

For the y-direction electromagnetic force acting on coil 2,
because y2 = y1 − 3 L/4, y1 in (44) is replaced with (y1 −
3 L/4).

Fy,2 = −i2b1(z1) sin
[
γ1

(
y1 −

a

2

)]
. (45)

Similarly, because y3 = y1 − 3 L/4, the electromagnetic force
acting on coil 3 in the y-direction is

Fy,3 = −i3b1(z1) sin
[
γ1

(
y1 −

a

2

)]
. (46)

Since y4 = y1 , the y-direction electromagnetic force acting
on coil 4 is

Fy,4 = i4 b1(z1) cos
[
γ1

(
y1 −

a

2

)]
. (47)

The resultant force acting on the platen in the y-direction is

Fy,p = Fy,1 + Fy,2 + Fy,3 + Fy,4

= b1(z1) cos
[
γ1

(
y1 −

a

2

)]
(i1 + i4)

− b1(z1) sin
[
γ1

(
y1 −

a

2

)]
(i2 + i3). (48)

3) Torque Acting on the Platen About the z′-Axis: The torque
acting on the platen about the z′-axis is generated by the hori-
zontal electromagnetic forces acting on the coils. For coils 1, 2,
3, and 4, only the y-direction forces, which are due to Bz,sg y ,
acting on the long coil sides contribute to the resultant torque.
Projected in the x-axis, the acting points of these forces are all
at the midpoints of the long coil sides

Tz1234 = Tz1 + Tz2 + Tz3 + Tz4

=
(

3L

4

)
(−Fy,1 − Fy,2 + Fy,3 + Fy,4)

=
(

3L

4

)
b1(z1) cos

[
γ1

(
y1 −

a

2

)]
(−i1 + i4)

+
(

3L

4

)
b1(z1) sin

[
γ1

(
y1 −

a

2

)]
(i2 − i3). (49)

For coils 5 and 6, only the x-direction forces, which are due to
Bz,sg x , acting on the long coil sides contribute to the resultant
torque. Projected in the y-axis, the acting points of these forces
are at the midpoint of the long coil sides with a distance of c56 =
44.4 mm to the center of mass of the moving platen, as described
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in Fig. 9

Tz56 = Tz5 + Tz6 = c56(−Fx,5 − Fx,6)

= −c56b1(z1)
{

i5 cos
[
γ1

(
x1 +

a

2

)]

+ i6 sin
[
γ1

(
x1 +

a

2

)] }
. (50)

The total torque acting on the platen about the z′-axis is

Tz = Tz1234 + Tz56 . (51)

Equations (43), (48), and (51) show that the current–force rela-
tions for 3-DOF planar motions of the 6-coil platen are linear
and sinusoidally position dependent. The x- and y-direction
forces depend on x and y alone, respectively. A key feature is
that, being projected onto the horizontal plane, the point that the
resultant horizontal electromagnetic force acting on a coil is in
the symmetrical axis perpendicular to the long coil sides.

4) Force Acting on the Platen in the z-Direction: The
z-direction electromagnetic forces acting on coils 1 and 2 are
calculated to be

Fz,1 = i1b1(z1) sin
[
γ1

(
y1 −

a

2

)]
(52)

Fz,2 = i2b1(z1) cos
[
γ1

(
y1 −

a

2

)]
. (53)

With the maximum electric current of 1 A flowing in each coil,
the maximum resultant z-direction force generated by the set of
coils 1 and 2 is calculated to be

Fz,12 max = |
√

2b1(z1)| = 4.4N. (54)

Similarly, the maximum z-direction electromagnetic forces gen-
erated by the set of coils 3 and 4, and the set of coils 5 and
6 are calculated to be 4.4 N. With the air-bearing stiffness
of 17 000 N/mm, the maximum vertical displacement of the
moving platen is estimated to be 0.26 μm. The maximum rota-
tion angles about the y′- and x′-axes are estimated as 6.8 and
7.4 μrad, respectively. Therefore, the position errors in z and
in rotations about x′ and y′ are negligible. It is considered that
the bottom surface of the moving platen is parallel to and has a
uniform distance from the top surface of the magnet matrix.

D. Force Allocation for 3-DOF Planar Motions

Each of the set of coils 1 and 2 and the set of coils 3 and 4 can
only generate two independent force components in the y- and
z-directions. Coils 5 and 6 can only generate two independent
force components in the x- and z-directions. Fig. 12 shows the
force allocations to generate all three-axis motions in the xy
plane. In order to move the platen in the y-direction, the set of
coils 1 and 2 and the set of coils 3 and 4 generate two resultant
forces in the same direction. In order to move the platen in the
x-direction, coils 5 and 6 are energized to yield a resultant force
in the x-direction, concurrently generating an error torque about
the z′-axis. This torque must be cancelled by two forces with
the same magnitude but in opposite directions generated by the
set of coils 1 and 2 and the set of coils 3 and 4. For the rotations
about the z′-axis, the set of coils 1 and 2 and the set of coils 3

Fig. 12. Illustration of 3-DOF motion generation.

Fig. 13. Bottom view of the platen with six coils mounted.

and 4 generate two resultant forces with the same magnitude in
opposite directions.

V. EXPERIMENTAL RESULTS

Fig. 13 shows the bottom view of the moving platen with
the six coils mounted. Three holes are for air-bearing sup-
port. The frame of the moving platen (185.4 mm × 157.9 mm)
is made of Delrin. The total mass of the moving platen is
only 0.64 kg. The principal moment of inertia of the platen
about the vertical axis penetrating the center of mass is Iz

= 0.001 kg·m2 . A Versa Module Eurocand-bus instrumenta-
tion system is used for real-time digital control of the po-
sitioner. Pentek 4284 is the target DSP board with the cen-
tral processing unit TMS320C40. Pentek 6102, having eight
analog-to-digital and eight digital-to-analog channels with
16-bit resolution, is used as the data acquisition board. The
sampling frequency is 1 kHz. The power amplifier gain is 0.506
with the bandwidth of 6.893 kHz.

Three two-axis Hall-effect sensors (the 2 SA-10 by Sentron)
with their locations shown in Fig. 1 are used to measure the
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Fig 14. Five consecutive steps of 8 μm in x.

Fig. 15. (a) Step response of 20 μm in y and perturbations in (b) x and (c) ϕ.

magnetic flux densities generated by the magnet matrix. Each
sensor is attached to the moving platen so that its sensitive
directions are x′ and y′. Sensors 1 and 2 are aligned along the
x′-axis with a distance of 127.00 mm. The distance between
sensors 1 and 3 along the y′-axis is 38.10 mm. The position of
the moving platen is determined by the data measured by these
sensors and the field solution derived in Section II. To determine
the position of the moving platen in x or y, sensors 1 and 3 are
used. To determine the platen’s rotation about z′, sensors 1 and
2 are used. In this system, instead of using the platen’s position
for feedback, the magnetic flux densities measured by the Hall-
effect sensors are utilized directly.

For single-axis translational motions in x and y and
small-angle rotations about z′, a digital-proportional-integral-
derivative-like controller was designed and implemented to ver-
ify the working principle of the electromagnetic design in this
paper. We regard the six coils as three sets with two coils per set
sharing a common control effort. Representative step responses
are shown in Figs. 14–18. Fig. 14 shows five consecutive 8-μm

Fig. 16. Staircase response with step size of 1000 μm in x.

Fig. 17. Staircase response with step size of 1000 μm in y.

Fig. 18. (a) Step response of 200 μrad in ϕ and perturbations in (b) x and
(c) y.

steps in x. Fig. 15(a)–(c) give a step response of 20 μm in y with
the rise time of 0.25 s and the perturbations in x and in rotation
about z′. In Figs. 16 and 17, staircase responses in x and y
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Fig. 19. x-profile of a translational motion in x.

Fig. 20. y-profile of a translational motion in y.

are shown, respectively. The settling time is approximately 1 s,
being relatively large. However, no overshoot is exhibited and
the steady-state errors are negligibly small. Fig. 18 shows a step
response of 200 μrad in rotation about the vertical axis and the
perturbations in x and y.

In Fig. 19, the position profile of a motion in x is given.
The platen’s velocity in x rises from zero to 10.5 cm/s in 0.24 s
with an acceleration of 43.8 cm/s2 . Fig. 20 shows the position
profile of a motion in y. The platen’s velocity rises from zero
to 16.3 cm/s in 0.17 s with an acceleration of 95.6 cm/s2 . In this
experiment, the maximum magnetic flux density on the surface
of z = 3 mm, which is generated by the induced Eddy currents
in the aluminum spacers, is calculated to be less than 0.06 mT.
This is negligibly small in comparison with the 0.7-T peak of the
z-direction magnetic flux-density component generated by the
superimposed magnet matrix on the surface of z = 3 mm. With
the maximum currents of 1 A flowing in the coils, the nominal
power consumption of the six-coil moving platen is 5.94 W.

VI. CONCLUSION

In this paper, a 3-DOF planar positioner with a 6-coil single-
moving-part platen was designed and constructed to move over
a superimposed concentrated-field magnet matrix. Based on the
Lorentz force law, the volume integration for force calculation
and the electric–current relation for the six-coil platen have
been derived. The six coils are divided into three two-phase lin-
ear motors. The electromagnetic commutation and the working
principle of the moving platen have been verified. The positioner
demonstrates a positioning resolution of 8 μm in x and y and
100 μrad in rotation about the vertical axis. The rms positioning
error obtained is 6 μm in x and y. Although the design is for
the applications that requires 3-DOF planar motions with long
travel ranges in x and y and small rotation angles about the
vertical axis, the force calculation and the structure of two coils
with 270◦ or 450◦ phase difference can be utilized for general
purposes. This precision planar positioner can be applied as a
linear translator or multiaxis mover in which each motor is a
forcer generating two independent force components.
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