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Multivariable Control and Optimization of a
Compact 6-DOF Precision Positioner With Hybrid

H2/H∞ and Digital Filtering
Jose Christian Silva-Rivas and Won-jong Kim, Senior Member, IEEE

Abstract— In this paper, we present multivariable controller
design and implementation of a high-precision 6-DOF magnet-
ically levitated (maglev) positioner. To achieve high-precision
positioning, two discrete-time integrator-augmented controllers
based on the linear quadratic Gaussian multivariable control
are applied. A novel discrete hybrid H2/H∞ filter is used as
the observer to obtain the optimal estimates of position and
orientation, as well as additional estimates of linear and angular
velocities for all six axes. The positioner has a single moving part
that carries three 3-phase permanent-magnet linear-levitation-
motor armatures. The positioner moves over a Halbach magnet
matrix using three sets of two-axis Hall-effect sensors to measure
the planar motion and three laser distance sensors for the vertical
motion. The Hall-effect sensor signals are found to generate
a considerable amount of noise and are centered at 50 Hz. A
second-order digital notch filter is implemented to optimize the
sensor readings and attenuate the noise. Experimental results
show a position resolution, which is the smallest noticeable step
of 1.5 µm with a position noise of 0.545 µm rms in the x- and
y-directions, and a position resolution of 110 nm with a position
noise of 49.3 nm rms in the z-direction.

Index Terms— Compact positioner, digital filtering, hybrid
H2/H∞ filtering, integrator-augmented linear quadratic (LQ),
multivariable control, precision motion control.

I. INTRODUCTION

IN THE modern semiconductor manufacturing industry,
high-precision motion control is a key component for wafer

steppers, surface profilometers, and scanned-probe micro-
scopes. In the high-accuracy positioning and sophisticated
photolithographic process, wafer steppers are used to manufac-
ture integrated circuits via fully automated control generating
step-and-repeat motions [1]. An optical source sheds a deep-
ultraviolet beam through a photomask onto each die site on
the wafer [2]. The wafer stage is required to move the wafer
in all six directions with minimum errors and should have
high resolution and accuracy. This wafer stepper stage in
semiconductor manufacturing is the main application of the
work presented in this paper.
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A planar motor can be used as an actuator for a precision-
positioning stage. The advantage of a planar motor is that it can
generate high-precision multidimensional motions with a large
travel range. By their working principles, most of the planar
motors can be classified into Sawyer motors, synchronous
permanent-magnet planar motors (SPMPMs), and induction
planar motors [3]. The induction planar motor is a two-axis
linear induction motor, and this type of planar motors are still
in their development stage [4]. The Sawyer motor is a planar
stepper motor, which is made by conceptually superimposing
two orthogonal variable reluctance motors. Some Sawyer
motors have already been commercialized [5], [6] and exhibit a
positioning repeatability on the order of 5 μm. Sawyer motors
are susceptible to large cogging and loss of steps [7]. As
their motion is tightly constrained to a plane, Sawyer motors
cannot provide local leveling without using other fine motion
actuators.

The compact 6-DOF precision positioner shown in Fig. 1
was developed by Yu [8] and has three 3-phase SPMPMs.
The concentrated-field permanent-magnet matrix beneath the
mirror-finished aluminum plate was made by superimposing
two Halbach magnet arrays [9], [10]. This magnet matrix of
304.8 × 304.8 × 12.7 mm serves as the stator. By changing
the magnitude and direction of their phase currents, the three
planar motors can generate both levitation and driving forces.
The detailed working principle including the electromagnetic
analysis was presented in [11].

The most significant feature of the stage is that the single
moving part, namely the platen, currently levitated by the
three aerostatic bearings, can generate all 6-DOF fine and
coarse motions. Any 6-DOF motions can be generated by
a combination of the six force components of the platen.
This mechanically noncontact machine structure does not need
lubricants nor does it produce wear particles. Therefore, it is
suited for clean-room environment. Superimposing multiple
linear motors as one actuator reduces the footprint. Compared
to traditional positioners, the single moving frame can have
high natural frequencies. The simple design eliminates com-
plicated components and reduces the manufacturing cost with
high reliability [10], [12]. The frame of the platen is made of
Delrin with a mass density of 1.54 g/cm3 in order to reduce the
total mass. The triangular design is chosen for simplicity. The
total mass of the moving platen is 1.52 kg. The travel ranges
are 220 mm in the x-direction and 200 mm in the y-direction.
The rotational travel range of 12° was achieved around the
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Fig. 1. Photograph of the 6-DOF precision positioner.

z-axis [8], [13], which is perpendicular to the top surface of
the magnet matrix.

The position resolution of the positioner is around 16 μm
peak to peak [8], [13]. However, for the semiconductor indus-
try, one needs to get the positioning resolution as small as
possible, and this can be achieved by optimizing the Hall-
effect sensor signals. In [14], a method of combining H2 and
H∞ filters into a hybrid filter was proposed, aiming to make
the most of the advantages that each individual filter offers to
obtain better estimates and enhance stability. Simulations were
conducted in [15] by applying such an approach for global
positioning system satellite signals to correct a solution from
an inertial navigation system, but no experimental result was
recorded to validate the advantages of the hybrid filter.

In this paper, we implement this H2/H∞ hybrid filter and
use its outputs for the multivariable control of the positioner.
For the multi-input multi-output (MIMO) controllers, a lin-
ear quadratic Gaussian (LQG) approach is used. The LQG
methodology usually refers to the combination of a linear
quadratic (LQ) regulator and a Kalman filter to provide the
full-state feedback. In this paper, an H2/H∞ hybrid filter is
implemented to estimate the states.

This paper consists of six sections. In Section II, the
dynamic analysis and system modeling are briefly described.
In Section III, the multivariable controller design and the
discrete hybrid H2/H∞ filter acting as the observer are dis-
cussed. Section IV contains the analysis done on the Hall-
effect sensors in order to reject the sensor signals’ noise.
From this analysis, a step-by-step procedure on the design
of a second-order digital notch filter to optimize the sensor
signal is presented. Section V presents the experimental results
to demonstrate the effectiveness of both the designed MIMO
controllers and the hybrid H2/H∞ filter, as well as the
comparisons with the results obtained in the previous work.
Section VI presents the conclusions on the experimental results
and discusses the performances of both the multivariable
controllers and the hybrid H2/H∞ filter.

II. MODELING

Fig. 2 illustrates the free-body diagram of the positioner,
the convention for the coordinate system, and the directions of
the six independent force components generated by the three

Fig. 2. Coordinate system and free-body diagram of the positioner.

levitation motors. The windings of the three 3-phase planar
motors A, B , and C are attached on the bottom surface of the
platen (as shown in Fig. 2). Motors A and B are responsible
for generating the magnetic forces in the y-direction. Motor
C generates the magnetic force in the x-direction. All the
three motors can generate z-direction forces independently
[10]. Thus the controller can make the positioner generate
translation in the x-, y-, and z-axes as well as rotational
motions around these axes.

According to the inverse Blondel–Park transformation, the
relationship between the peak currents and the phase currents
i A, iB , and iC of each winding is shown in [16] and [17].
The relation between the phase currents and the mechanical
subsystem is linked by the magnetic force (1), which is derived
by the electromagnetic analysis [10], [18][
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where fy and fz are the y-directed and z-directed magnetic
forces, respectively, and i A, iB , and iC are the input phase
currents. The constant G contains the effects of the motor
geometry and is 1.072 × 10−5 m3. The variable y0 represents a
relative displacement in motors A and B . The parameters have
the following values: magnetic remanence μ0 M0 = 0.71T,
effective spatial period Nm = 2, pitch l = 50.98 mm,
absolute value of the fundamental wave number γ1 = 2π/ l =
123.25 m−1, nominal motor air gap z0 = 2.3 mm, winding
thickness � = l/5 = 10.16 mm, and magnet array thickness
� = l/4 = 12.7 mm.

Equation (1) presents only the force components for one
planar motor in the y-direction. Motor C has a similar force
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equation in fx and fz with the corresponding displacement
variable x due to the symmetry of the concentrated-field
magnet matrix. Since the stage is levitated by air bearings,
there is no mechanical friction. Thus, the dynamics of the
stage in the horizontal mode can be represented as a pure-
mass model as follows:

M
d2x

dt2 = fx , M
d2 y

dt2 = fy (2)

Izz
d2φ

dt2 = τz . (3)

Similarly for the vertical mode, except that due to the
stage being levitated by the aerostatic bearings, the system is
modeled as a spring-mass system. The three aerostatic bearings
are modeled as three springs with spring constants of Kz ,
Kθ , and Kψ . The three springs support the platen in parallel
connection. Thus the dynamics of the stage in the vertical
mode can be represented as follows:

M
d2z

dt2 = fz − Kzz (4)

Ix x
d2θ

dt2 = τθ − Kθ θ, Iyy
d2ψ

dt2 = τψ − Kψψ. (5)

By Hooke’s law, the spring constant in the z-direction Kz

was experimentally determined to be 620 N/m. The torsional
spring constants about the x- and y-axes Kθ and Kψ were
found to be 65 and 87 N·m/rad, respectively. The principal
moments of inertia Ix x , Iyy , and Izz about the x-, y- and z-
axes are 0.0037, 0.0019, and 0.0022 kg·m2, respectively. Fz

is the vertical force and τ θ and τψ are the torques about the
x- and y-axes generated by the planar motors. However, if (1)
is substituted into the right-hand sides of (2)–(5), we get non-
linear dynamic models due to the exponential and sinusoidal
spatial dependences in (1). Then, a DQ decomposition method
is applied to the system as follows [18]:
[
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The vertical motion is affected by the direct-component
current iD and the horizontal driving forces are affected by
the quadrature-component current iQ [19]. Through the DQ
decomposition, the nonlinear term can be eliminated. The
detailed electromagnetic analysis is given in [20]. Finally,
the force (1) can now be represented as the following linear
equation: [
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]
. (7)

Three Hall-effect sensors and three laser distance sensors
are attached to the moving platen and are used to measure the
horizontal and vertical positions of the stage. The horizontal
position of the moving platen in the coordinate system fixed
to the magnet matrix is determined by the field solution of
the magnet matrix and the magnetic flux densities sensed
by the Hall-effect sensors. Specifications of the Hall-effect
sensor for a constant 2-mA current are presented in Table I.
Each Hall-effect sensor has two orthogonal axes and measures

TABLE I

SPECIFICATIONS OF THE 2-D-VD-11SO TWO-AXIS HALL-EFFECT

SENSOR

Specifications Value

Input resistance 2.2 k�

Output resistance 8.5 k�

Offset voltage ±3 mV

Sensitivity 400 mV/T

Resolution 2 μT

Magnetic sensitive volume 0.25 × 0.25 × 0.20 mm3

the magnetic flux density in two independent perpendicular
axes. The periodic magnetic flux density is then converted
to a voltage signal, and based on the voltage variation and
the fundamental wave number of the magnet matrix, the
displacement of the platen is determined. A single Hall-
effect sensor cannot detect the unique position of the platen
because there are two equal magnitude points in a one-pitch
sinusoidal magnetic flux density, since it exhibits symmetry
and periodicity. Therefore, two Hall-effect sensors collaborate
to measure one-axis motion. Moreover, the phase difference
between the two Hall-effect sensors is used to determine the
direction of motion.

A collaborative working approach was used in [13] to take
advantage of linearity and low sensing noise in the sensitive
intervals. One of the two adjacent sensors (the set of sensors
A and B or the set of sensors A and C) is always located in
one of the sensitive intervals, where the gradient of magnetic
flux density is large with respect to its position. Since we use
the sensitive intervals, sensor switching is required at every
quarter pitch. This sensor switching takes place repeatedly as
the platen moves over multiple pitches. Using this principle,
the rotation about the z-axis can also be determined.

At this point there is no way to have any external sensor
verification done on the stage to ensure that the remaining
dynamics are due to stage motion. Since one of the key
objectives of this research is to demonstrate the planar multi-
variable control of the positioner with inexpensive two-axis
Hall-effect sensors while optimizing the signal to obtain a
1.5-μm position resolution. However, in the previous research
paper [21], the Hall-effect sensor signal was calibrated against
a laser interferometer. It was demonstrated that the distortions
or errors can be compensated for with a 2-D lookup table
since this error mostly originated from the nonideality of the
magnet-matrix construction and was repeatable.

III. MULTIVARIABLE CONTROLLER DESIGN

A. Integrator Augmented LQ Design

An LQ controller guarantees a phase margin of at least 60°
and possesses good robustness properties [22]. Furthermore, in
an LQ design, some states can be intentionally penalized in the
weighting matrix to achieve a desired dynamic performance.
Therefore an LQ is suitable for the horizontal and vertical
motion control. However, there are two main drawbacks for
an LQ to be used in a servo mechanism. One is that as a
regulator, an original form of an LQ cannot track a nonzero
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reference input. The other is that there will be a steady-state
error due to the nonexistence of integrators in an LQ design. In
order to make the LQ operational for our system, we derive the
tracking-error dynamics of the system to design an integrator-
augmented LQ. The errors are defined as follows:

�x = x − x∗ (8)

�y = y − y∗ (9)

�u = u − u∗ (10)

where x , y, and u are the state, output, and input vectors of the
state-space model in the horizontal mode, which is represented
in (11), and x*, y*, and u* are the corresponding steady-state
vectors, respectively

ẋ = Ax + Bu

y = Cx . (11)

The A, B , and C matrices are the corresponding state, input,
and output matrices in the horizontal mode, respectively.

Taking the derivative of (8), we obtain the following error
dynamics:

�ẋ = ẋ − ẋ∗ = A�x + B�u (12)

�y = C(x − x∗) = C�x . (13)

Next we augment integrators to the system to eliminate the
steady-state error. The state-space model of the augmented
system is presented as follows:[

�ẋ p

ż p

]
=

[
A p 0
Cp 0

] [
�x p

z p

]
+

[
Bp

0

]
�u p (14)

�yp = [
Cp 0

] [
�x p

z p

]
(15)

where z p are the integrator states.
As a result, the augmented system now has nine states

altogether in the horizontal mode. Since all the nine states are
available, an LQ can be designed for the system based on the
augmented system (14) and (15). In an LQ design, the Qhor
and Rhor are constant weighting matrices corresponding to the
horizontal mode, which are to be designed to penalize some
state variables (or inputs) more than others to meet dynamic
requirements. In this case, to eliminate the steady-state error
effectively, we penalize the effect of the integrators heavily and
the displacement states much more than the velocity states for
better positioning performance. Rhor was set as a 3×3 identity
matrix and Qhor was designed as follows:

Qhor = diag
([ 104 104 104 108 108 108 10 10 10 ]) . (16)

The corresponding gain matrix Khor was calculated to be

Khor =
[ −160.2 253.9 −92 −3523 6372 −3183 −3.46 4.74 −1.18

158.3 264.7 88.2 3464 6629 3045 3.44 4.95 1.13
359.3 −1.88 −71.7 7949 −59.5 −2595 7.73 −0.02 −0.84

]
.

(17)

For the vertical mode, the same LQ methodology described
previously of adding integrators to the state-space model is
used. In this case we have the Qver and Rver constant weight-
ing matrices corresponding to the vertical mode. Again to
eliminate the steady-state error effectively, the integrator states

were penalized heavily, then the displacement states were
penalized more than the velocity states for better positioning
performance. Rver was set as a 3 × 3 identity matrix and Qver
was designed as follows:

Qver = diag
([ 104 104 104 109 109 109 102 102 102 ]) .

(18)

The corresponding gain matrix Kver was calculated to be

Kver =
[ 405.5 −40.9 53.2 13869 −2672 4109 6.1 −0.9 1.4

442.5 −40.5 −49.1 15130 −2633 −3954 6.7 −0.9 −1.3
480 69.1 2.4 16407 4837 89.8 7.3 1.63 0.03

]
. (19)

B. State Estimator

The integrator-augmented LQ design relies on the presence
of the complete state measurements. However, neither the
laser distance sensors nor the Hall-effect sensors can directly
provide the full states to the controller. The LQG control
methodology is the combination of a Kalman filter and an LQ
control law [23]. In order to get the full states, an observer is
needed to estimate the missing states and optimize the known
states. A method of combining discrete-Kalman (H2) and
minimax (H∞) filtering has been proposed in [14]. Kalman
filtering is an optimal estimation method which minimizes the
variance of the estimation error and assumes that the noise
inputs have known statistical properties, which makes this
filter lack robustness from the errors of the assumed noise
statistics [14]. Unfortunately, the assumption that the statistical
properties of the noise are known limits the application of
the Kalman filter. The minimax filter aims to minimize the
magnitude of the maximum singular value of the transfer
function from the noise to the estimation error. In other words,
it tries to minimize the worst possible estimated values. If the
Kalman filter assumes too much, the minimax filter approach
assumes too little, which motivates the interest in combining
these two filters into a hybrid H2/H∞ filter and see if it can
provide the best of both filters.

Let us design the hybrid filter that will provide optimal
displacement measurements as well as the estimates of the
linear and angular velocities. The states of the hybrid filter
are defined as

xk =
⎡
⎣zk

żk

z̈k

⎤
⎦ , for zk = [

x y ϕ z θ ψ
]T
. (20)

For continuous time, the dynamic model and measurement
(estimated) model are

ẋ(t) =
⎡
⎣ ż(t)

z̈(t)...
z (t)

⎤
⎦ =

⎡
⎣ 0 I6×6 0

0 0 I6×6
0 0 0

⎤
⎦

⎧⎨
⎩

z(t)
ż(t)
z̈(t)

⎫⎬
⎭ +

⎡
⎣ 0

0
I6×6

⎤
⎦w(t)

ỹ(t) = ẑ(t)+ v(t) = [
I6×6 0 0

]
x(t)+ v(t). (21)

The inputs to the hybrid filter are the displacement data
calculated from the Hall-effect sensors’ outputs, v is a 6 × 1
vector and is the noise from the system. The tilde (˜) represents
the estimates of the measured states of the hybrid filter

ỹ(t) = [
x̃ ỹ ϕ̃ z̃ θ̃ ψ̃

]T
. (22)
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The relationships between position, velocity, and acceler-
ation are modeled exactly without any modeling error. Note
that the process noise w is a 6 × 1 vector which has the same
unit as the jerk and does not depend on the modeling error.
The constant-acceleration assumption is merely for a simple
modeling purpose. In discrete time, the model becomes the
following:

xk+1 =
⎡
⎣ I6×6 (tk+1 − tk)I6×6

1
2 (tk+1 − tk)2 I6×6

0 I6×6 (tk+1 − tk)I6×6
0 0 I6×6

⎤
⎦ xk

+
⎡
⎣

1
6 (tk+1 − tk)3 I6×6
1
2 (tk+1 − tk)2 I6×6
(tk+1 − tk)I6×6

⎤
⎦wk

= xk +ϒwk

ỹk = [
I6×6 0 0

]
xk + vk = H xk + vk (23)

where (tk+1 − tk) is the integration step size, which is constant
for simulation and real-time control.

The estimator structure for the hybrid filter in [14] is of the
form

x̂+ = x̂− + K [ỹ − H x̂−] (24)

where K is the hybrid filter gain. This hybrid filter uses
a weighted combination of the steady-state Kalman and the
steady-state minimax filter gains in the estimator, so the hybrid
filter gain is defined as

K = d · K K
ss + (1 − d) · K ∞

ss (25)

where d is the relative weight given to K K
ss which is the

steady-state Kalman filter gain, and K ∞
ss is the steady-state

minimax filter gain. This relative weight ranges from 0 to 1
and must be chosen so as to ensure stability because a convex
combination of two stable estimators is not necessarily stable.
The discrete kalman filter (DKF) is presented in [24]. The
vector v, the noise from the system, is assumed to be zero-
mean Gaussian noise v(t) ∼ N(0, Rk ), where Rk is the error
covariance matrix of the system noise v, which is defined in
[21] as

Rk = (H T
k W Hk)

−1

= diag
([ 10−6 10−6 10−6 10−6 10−6 10−6 ]). (26)

Further, w is assumed to be a zero-mean Gaussian process
w(t) ∼ N(0, Qk ), where Qk is the error covariance matrix
of the process noise w, which acts on the acceleration. Qk is
chosen to be a positive constant diagonal matrix

Qk = diag
([ 103 103 105 102 102 102 ]) (27)

where an assumption is made that v and w are uncorrelated,
and the values of Rk and Qk were chosen by the designer.
Selecting the bounds of the process and system noises became
the parameters to tune the DKF. The approach for selecting
the values of each matrix was used by noticing that the system
noise matrix Rk will be the same for all of the six axes, so a
value was selected based on the experiments that would lead to
acceptable results. The filter dynamics is related to the values
of the matrix Qk . Based on the experiments, it was noticed
that smaller values of Qk can filter out the noise effectively.

However, it causes slow convergence with small bandwidth,
which might lead to instability. Larger values of Qk have high
speed of convergence and a higher overshoot, and they cannot
filter out noise as well. There is a design tradeoff, where large
Qk causes a faster response, but smaller values of Qk are
desired because they filter the noise, and the bandwidth of the
filter needs to be faster than the controller, while effectively
filtering out the noise. The bandwidth of the DKF was set at
85 Hz in x and y, 110 Hz in the rotation around z, and 65 Hz
for z and the rotations around x and y. For the parameters of
Qk and Rk described previously, the steady-state DKF gain
matrix K K

ss turned out to be

K K
ss =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.0531 0 0 0 0 0
0 0.0531 0 0 0 0
0 0 0.1566 0 0 0
0 0 0 0.0364 0 0
0 0 0 0 0.0364 0
0 0 0 0 0 0.0364

1.390 0 0 0 0 0
0 1.390 0 0 0 0
0 0 9.47 0 0 0
0 0 0 0.752 0 0
0 0 0 0 0.752 0
0 0 0 0 0 0.752

37.42 0 0 0 0 0
0 37.42 0 0 0 0
0 0 351.3 0 0 0
0 0 0 12.05 0 0
0 0 0 0 12.05 0
0 0 0 0 0 12.05

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(28)

Using the same linear dynamic system as described above,
the minimax filtering problem aims to minimize the maximum
singular value of the transfer function from the noise to the
estimation error [25]

J =
avg

∥∥xk − x̂k
∥∥

Q

avg ‖wk‖W + avg ‖vk‖V
(29)

where J is a measure of how good the estimator is. We
want to find a state estimate that will minimize the worst
possible effect that w and v have on the estimation error,
where the averages are taken over all time samples k. Several
minimax filtering formulations have been proposed in [26]
and [27], the one considered here is the following. Find a
filter gain K ∞

ss such that the maximum singular value is less
than γ , or J < 1/γ . This is a way of minimizing the worst-
case estimation error, where γ is the constant which becomes
the design parameter to tune this filter. We can find a state
estimate so that the maximum value of J is always less than
x̂ regardless of the values of the noise terms w and v. This
problem will have a solution for some values of γ but not for
the values which are too small because the P matrix in the
Riccatti equation will become singular, as seen in the minimax
gain equation below. The minimax filtering solution that forces
J < 1/γ is given in [14] and [25], for which we do not need
to worry about defining the matrices for w and v noises, which
makes this the main advantage of such a filter. For γ = 10,
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Fig. 3. (a) Measured spectrum of the output signal. (b) Time response.

the steady-state minimax filter gain matrix K ∞
ss turned out to

be

K ∞
ss =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.637 0 0 0 0 0
0 0.637 0 0 0 0
0 0 0.637 0 0 0
0 0 0 0.637 0 0
0 0 0 0 0.637 0
0 0 0 0 0 0.637

0.0135 0 0 0 0 0
0 0.0135 0 0 0 0
0 0 0.0135 0 0 0
0 0 0 0.0135 0 0
0 0 0 0 0.0135 0
0 0 0 0 0 0.0135−0.8e−4 0 0 0 0 0
0 −0.8e−4 0 0 0 0
0 0 −0.8e−4 0 0 0
0 0 0 −0.8e−4 0 0
0 0 0 0 −0.8e−4 0
0 0 0 0 0 −0.8e−4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(30)

IV. HALL-EFFECT SENSOR SIGNAL ANALYSIS

A. Analysis

In order to analyze the noise of the Hall-effect sensors, a fast
Fourier transform (FFT) is performed for the planar MIMO
system under the control law described in Section III. For
these experiments, the controller makes the platen move to a
specified coordinate in the x plane with the controller doing
its best to stay put. For the first test, the LQ control law is
applied without the hybrid filter being active. The results are
displayed in Fig. 3. From the FFT one can see that there is a
peak at 50 Hz of around −30 dB in magnitude. The response
of the signal for 1 s is also included, and the peak-to-peak
position noise is around 160 μm.

The next test applies the hybrid H2/H∞ filter, making the
controller to be an LQ with hybrid H2/H∞ control. The results
are displayed in Fig. 4. The peak-to-peak position noise of
the signal has been reduced to 20 μm. From the FFT, the
50-Hz peak has been reduced to −60 dB in magnitude. For
the experiments involving the hybrid filter being active, the
relative weight of such filter d is 1, so the hybrid filter acts
as a DKF.

The nature of the systematic 50-Hz noise was found to
be purely electric, coming from the Hall-effect sensors. The
Hall-effect sensors are manufactured by a company located
in Europe, where the standard frequency of the electricity
coming from the electrical outlet is 50 Hz [28]. Oscilloscope
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Fig. 4. (a) Measured spectrum of the output signal with hybrid filtering.
(b) Time response.

measurements confirmed that the 50-Hz peak noise comes
from the Hall-effect sensors.

B. Second-Order Digital Notch Filter Design

The digital filter will essentially act as a “prefilter,” because
the data being read from the sensor will be filtered first by
a digital second-order notch filter, and then will be further
filtered by the DKF observer. The second-order notch digital
filter will have the notch set at 50 Hz, eliminating the peak
noise and leading to more precise results than those in Sec-
tion III. The second-order notch filter is of the form [29]

H ( jω) = −kω2 + ω2
0

−ω2 + 2ζω0( jω)+ ω2
0

(31)

where s = jω was substituted, ζ is the damping ratio of
the filter set to be 0.5, k is related to the attenuation at high
frequencies, and ω0 is the constant for which we are solving
for. In order to get a notch, the numerator of the transfer
function has to be zero at a fixed frequency ωnotch. This would
make the magnitude of the transfer function go to zero at
such frequency. The equation for the numerator of the transfer
function is

−kω2
notch + ω2

0 = 0 (32)

where we solve for ω0, since ωnotch becomes the frequency
in which we want the notch to occur, which was shown to
be at 50 Hz. However we still have not solved for k, which
relates to the attenuation of the signal at the higher frequen-
cies. Due to the harmonics from the 50-Hz biased noise,
attenuation is necessary at higher frequencies. A −20-dB
attenuation is desired at high frequencies, which means that
−20 dB = 20 log(k), this makes k = 0.1. The attenuation
cannot be set too low because the stability of the system can
be degraded.

Substituting k = 0.1 and the notch frequency into (32) gives

ω0 = 2π · 50
√

0.1 rad/s. (33)

Substituting the value of k and ω0 into (31) gives us the final
form of the second-order analog notch filter. Transforming the
analog filter to its digital form gives

H (z) = 0.09318 − 0.1733z−1 + 0.09318z−2

1 − 1.792z−1 + 0.8047z−2 . (34)
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Fig. 5. (a) Measured spectrum of the output signal with notch filtering and
without hybrid filtering. (b) Time response.
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Fig. 6. (a) Measured spectrum of the output signal with notch filtering
combined with hybrid filtering. (b) Time response.

The aforementioned digital notch filter is implemented
without the DKF filter making the controller a regular LQ
controller, since the notch filter does not estimate the velocities
of the states. An FFT is performed on the signal response, and
the signal response is plotted for a second, as shown in Fig. 5.
The peak-to-peak noise of the signal has been enhanced to
4 μm. From the FFT, one can see that the peak at 50 Hz has
been essentially eliminated.

Finally both filters are applied together with the digital notch
filter acting as a prefilter while the DKF acts as the observer.
As seen in Fig. 6, the peak-to-peak position noise has been
enhanced to 1.5 μm. The peak at 50 Hz has been eliminated,
thus proving the effectiveness of having the digital second-
order notch filter act as a prefilter on the incoming sensor
signal and then have the hybrid filter further reduce the noise
of the signal. The digital notch filter combined with the hybrid
filter provides the best results with optimal position control for
the planar motion.

V. EXPERIMENTAL RESULTS

This section presents the comparisons between our results
and those in [8], as well the experimental results obtained
for various hybrid filter weights with and without the digital
notch filter being active. For the recursive hybrid filter, various
hybrid H2/H∞ filter weights are used in order to see how it
affects the signal response of the Hall-effect sensors and to
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Fig. 7. 20-μm step responses for hybrid filter weights of (a) d = 0,
(b) d = 0.3, (c) d = 0.8, and (d) d = 1 without digital notch filtering.
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Fig. 8. 10-μm step responses for hybrid filter weights of (a) d = 0,
(b) d = 0.3, (c) d = 0.8, and (d) d = 1 with digital notch filtering.

see whether a certain value of the hybrid H2/H∞ filter weight
leads to a higher positioning resolution. The comparisons are
done with and without the digital notch filter being active.
The results are shown in Figs. 7 and 8. All of the experiments
were done while the system was given a step input in the
y-direction.

The results show that, without the digital notch filtering, a
combination of the hybrid H2/H∞ filter gives better resolution
than the DKF or the minimax filter. For this scenario the
optimal hybrid H2/H∞ filter weight is d = 0.8, for which
a 16-μm peak to peak position noise was achieved, however,
when the notch digital filter is implemented along with the
hybrid H2/H∞ filter, the DKF provides the best optimal
estimates for the position in the planar motion with a 1.5-μm
peak-to-peak position noise.

The DKF provides better estimates when the digital notch
filter is implemented because the notch filter eliminates the
main source of the narrow-band noise at 50 Hz, and it
attenuates the harmonics of such noise at high frequencies. By
eliminating the main source of the nonrandom noise, the DKF
can provide optimal estimates because the main assumption
for the DKF implementation is that the noise has to be
random with a Gaussian distribution. Therefore whenever the
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2.5 3 3.5 4 4.5 5

5

5.1

5.2

5.3

5.4

5.5

5.6 x 10-5

z 
(m

)

5

4.8

5.2

5.4

5.6

5.8

6 x 10-5

z 
(m

)

0 0.5 1 1.5 2 2.5
time (s)
(a)

time (s)
(b)

Fig. 11. 5-μm step response in z comparing (a) our results and (b) Yu’s [8].

digital notch filter is not implemented, the 50-Hz noise and
its harmonics exhibit a significant magnitude. This prevents
the DKF from being an optimal state estimator, which is the
reason why the hybrid H2/H∞ filter with a weight of 0.8 gives
better estimates.

Moreover, as designers of the filter, we wished to signif-
icantly improve the DKF performance of the hybrid filter,
which relates to the signal resolution. In order to do this,
however, we had to compromise the H∞ performance. In addi-
tion to resolution, performance in terms of robustness, peak
error, and dynamic response of the system were of interest in
the practical design. In terms of the resolution without digital
filtering, d = 0.8 was the best choice. However, when digital
filtering was implemented, d = 1 gave the best resolution, and
the signal seems more sensitive to noise/disturbance effects
than that in the d = 0.8 plot. The filter is more robust in
such case, but at the same time the dynamic response is also
worse.

The step responses used in the comparisons are taken from
[8] and [13]. In both of them, Yu used lead-lag controllers
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Fig. 12. Closed-loop responses. (a) 30-μrad step response in θ . (b) 30-μrad
step response in ψ . (c) 100-μrad step response in φ.

to control each axis individually and a DKF to obtain better
estimates in the planar mode. Our results in the planar mode
have digital notch filter implemented and the LQ controller
with a hybrid H2/H∞ estimator acting as a DKF whereas
the vertical mode uses only the LQ controller with a hybrid
H2/H∞ estimator (d = 1.0). Fig. 9 shows a comparison for
a 20-μm step in x , and Figs. 10 and 11 show a comparison
for a 10-μm step in y and a 5-μm step in z, respectively.
The closed-loop responses in the other 3-DOF motions, which
are the rotations about the x-, y-, and z-axes, are shown in
Fig. 12, for 30-μrad, 30-μrad, and 100-μrad step commands,
respectively.

Yu’s step responses demonstrated a 14-μm resolution with
an 8-μm rms position noise in the planar mode and for the
vertical mode, a 0.8-μm resolution with a 0.5-μm rms position
noise. Our results show a 1.5-μm resolution with a 0.545-μm
rms position noise in the planar mode, and for the vertical
mode, a 110-nm resolution with a 49.3-nm rms position noise.
In the case of the vertical mode, there were small noise
components at 50 Hz originated from the Hall-effect sensor
line, which could be eliminated with the notch filter. Since the
magnitude of the noise was small, however, it was unnecessary.
Even the advantage of using the hybrid filter weight of d = 0.8
to using the DKF is insignificant due to the small magnitude
of the noise.

A suggestion for a “scenario” where the hybrid filter outper-
forms the combination of the DKF and the digital notch filter
would be an application where there is poor noise knowledge
of the system and such noise is significant in magnitude. For
instance, an aerospace application, where the process noise is
unknown or there can be low carrier-to-noise ratios for the
measurement noise. In such applications there is always a
biased process noise that is constantly affecting the readings
such as gusts of wind, for which the frequency is variant. In
our precision-positioning application, it is unlikely that there
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Fig. 13. Tracking error for the step responses in (a) x , (b) y, (c) φ, (d) z,
(e) θ , and (f) ψ .

is large process noise in a closed-door environment where the
vibrations from the ground are minimal, especially since the
stage is sitting on top of an optical table.

A better position resolution was obtained in our results for
both the planar and the vertical modes. However, our results
have a slower rise time and settling time, but at the same time
they also have smaller overshoot magnitudes. The slower time
response of the dynamic system is due to the tradeoff of having
a low system bandwidth, while the small overshoot is both an
effect of the bandwidth of the filters and the controllers. The
bandwidths of the multivariable controllers are set at a range
of 9–30 Hz for the planar mode, and 30–60 Hz for the vertical
mode. This is the frequency above which the system output
does not track the system input, if the latter is a sinusoid.
The bandwidths were set this low, because otherwise it will
put a severe restriction in the design of the observer, and an
observer with such a high bandwidth cannot attenuate the noise
well. However, the aim of this paper is to have a reliable
positioner for step-and-repeat motions, and for this application
a sinusoidal motion at a frequency of more than 10 Hz will
be unnecessary.

Fig. 13(a)–(c) shows the tracking error plots of the step
responses for the horizontal mode shown in Figs. 11 and 12.
From these plots, we can see that the tracking errors in the x-,
y-, and φ-axes are less than 1.5 μm and 15 μrad, respectively.
The steady-state errors are calculated over the span of 1 s,
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Fig. 14. Consecutive 1.5-μm step responses in (a) x and (b) y.
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Fig. 15. (a) 100-mm long-range motion in y. (b) Position error over 10-s
duration.

and they came out to be 176.2 nm in x , 135.3 nm in y, and
1.24 μrad in φ. Thus the steady-state errors are less than 2%.
Fig. 13(d)–(f) presents the tracking error plots for the step
responses of the vertical mode shown in Figs. 11 and 12. These
plots show that the tracking errors in the z-axis are less than
110 nm and those in the θ - and ψ-axes are less than 1 μ and
1.5 μrad, respectively. The steady-state errors are calculated
over the span of 1 s, which came out to be 14.8 nm in z, 91.9
nrad in θ , and 35.6 nrad in ψ . The steady-state errors in the
vertical mode are all less than 0.4%, which indicates that the
integrator-augmented LQG controller successfully controlled
the system in the vertical as well as horizontal mode.

Key limiting factors in position resolution include the
Hall-effect sensors’ sensitivity, the NanoGage laser distance
sensors’ sensitivity, misalignments in the magnet matrix, and
disturbances transmitted through the umbilical cables attached
to the moving platen, and acoustic noises from the three
aerostatic bearings for levitation. However, in the horizontal
mode, the errors are bigger than those in the vertical mode
because the laser distance sensors used in the vertical mode
have a higher resolution compared to the Hall-effect sensors in
the horizontal mode even when the high-magnitude electrical
noise is filtered.

To demonstrate the positioning resolution of the platen in
the planar mode, consecutive steps of 1.5-μm are presented in
Fig. 14 in both the x- and y-axes. The steps took place at t = 2
and 5.5 s for both figures. Fig. 15 shows a 100-mm long-range
motion in y and the position error over 10-s duration. When
the platen suddenly stops, the error increases but it eventually
reaches the steady state. The error in tracking the signal is
directly related to the scanning velocity of the platen, 4 mm/s
in this case. It is true that the noise measurement varies at
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different positions in the magnet matrix mainly because the
matrix is not perfectly symmetrical and there may be some
small misalignments in it.

VI. CONCLUSION

This paper presented the successful implementation of
two multivariable controllers using an LQ controller with
a hybrid H2/H∞ estimator acting as the observer for a
6-DOF positioner with Linux-based real-time control. This
novel positioning stage has only a 1.52-kg single moving part
and is based on a patented concentrated-field magnet matrix.
An analysis was done for the Hall-effect sensor signals, and
based on the results, a digital second-order notch filter was
designed and implemented to eliminate the biased noise and
achieve better positioning resolution in the planar motion.

The detailed procedure of designing the multivariable con-
trollers for the positioning stage was presented in this paper.
Since the sensors in the horizontal and vertical modes cannot
measure the velocity states, an LQ controller with a hybrid
H2/H∞ estimator was designed. An integrator-augmented LQ
was designed and implemented in both modes, while a six-
axis recursive discrete hybrid H2/H∞ filter was implemented
to obtain a full-state feedback by estimating the velocity esti-
mates and optimizing the position states. The hybrid H2/H∞
filter was also implemented instead of a conventional Kalman
filter in an effort to obtain a better position resolution and to
see if it provides any advantage over pure Kalman or minimax
filters.

The step responses demonstrated the integrator-augmented
LQ controller’s good tracking performance and high-resolution
positioning capabilities. Several comparisons were made
among various hybrid H2/H∞ filter weights with and without
the digital notch filter being active. It was shown that when
the digital filter is active, the hybrid H2/H∞ filter acting as
the DKF gives the best positioning resolution, however, when
the digital filter is inactive, a hybrid H2/H∞ filter weight of
d = 0.8 gives the best positioning resolution. This is because
the digital filter eliminates the main source of the narrow-band
noise at 50-Hz thus making the DKF effective. Whenever the
digital filter is inactive, however this noise made the DKF not
as effective as the hybrid H2/H∞ filter.

Experimental results were presented for all 6 DOFs to
display the performance of the controller and the digital filter
design. The positioner was able to achieve a position resolution
of 1.5 μm with a position noise of 0.545 μm rms in the xy
plane, and for the vertical mode, the positioner achieved a
position resolution of 110 nm with a position noise of 49.3 nm.
This is about a factor-of-10 improvement from the previous
results.
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