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Two-Phase Lorentz Coils and Linear Halbach
Array for Multiaxis Precision-Positioning

Stages With Magnetic Levitation
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Abstract—In this paper, a new framework for linear
permanent-magnet (PM) machines with applications in pre-
cision motion control is proposed and validated. A single
forcer generating two independent force components in
two perpendicular directions is the fundamental unit of the
framework. Each forcer consists of two planar Lorentz coils
separated by a 90° or 270° phase difference and parallel
to a Halbach magnet array. Many coil pairs can be assem-
bled to the same platen to move over a common magnet
matrix, forming a linear or planar PM motor. Advantages of
this framework include a linear system model, the capabil-
ity to magnetically levitate the mover in multiaxis stages,
and that to generate long translational motion range. The
framework developed herein is validated by a six-degree-of-
freedom magnetically levitated (maglev) stage. The dimen-
sion of the moving platen’s frame is 14.3 cm × 14.3 cm, and
its total mass is 0.75 kg. The achieved positioning resolution
in translations along X, Y , and Z is 10 nm. The position-
ing resolution in out-of-plane rotation is 0.1 µrad, which is
a record in the literature. The maximum travel range in XY
with laser interferometers is 56 mm × 35 mm, limited by the
size of the precision mirrors. With the coils’ total mass of
only 0.205 kg, the achieved acceleration is 1.2 m/s2. Exper-
imental results exhibit reduced perturbations in other axes
of in-plane motions.

Index Terms—Interferometer stages, magnetic levitation,
nanopositioning, permanent-magnet (PM) linear motors.

I. INTRODUCTION

L INEAR motors have been widely used for decades in ma-
chine tools, scientific instruments, stepping and scanning

devices, and robotics. Linear motors with a maglev mover have
no backlash and rotation-induced vibrations compared to con-
ventional ones with rotary motors and lead screws. Maglev mo-

Manuscript received September 27, 2016; revised January 2, 2017
and May 18, 2017; accepted September 18, 2017. Date of publication
November 1, 2017; date of current version December 13, 2017. This
work was supported in part by a grant from the Vietnam Education
Foundation (VEF). The opinions, findings, and conclusions stated herein
are those of the authors and do not necessarily reflect those of VEF.
Recommended by Technical Editor Z. Sun. (Corresponding author: Vu
Huy Nguyen.)

V. H. Nguyen is with the Department of Industrial and Systems Engi-
neering, Texas A&M University, College Station, TX 77843 USA (e-mail:
vhn1182@gmail.com).

W.-J. Kim is with the Department of Mechanical Engineering, Texas
A&M University, College Station, TX 77843 USA (e-mail: wjkim@
tamu.edu).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TMECH.2017.2769160

tors can avoid wear, friction loss, use of lubricants, and wear
particles generated during motions in the case of direct-driven
linear motors with mechanical bearings.

Maglev multiaxis positioners were developed to have travel
ranges of centimeters in the xy plane with a nanoscale position-
ing resolution [1], [2]. For planar maglev stages with a magnet
matrix and a Lorentz coil array, the translational travel range
is the difference between the sizes of the magnet matrix and
the coil array. The ratio between the maximum travel range and
the length of the structure can be considerably larger than that
of flexure-based stages. In [2], this ratio is 5.24/10 compared
to 1/10 in a flexure design [3]. Maglev linear motors and mul-
tiaxis stages are highly applicable in the systems that strictly
require high positioning precision, long travel ranges, vibration
isolation, and conditions for clean room operations.

The magnetic bearings in linear motors and multiaxis stages
may have moving coils [2], moving magnets [1], [4], [5]–[8], or
both coils and magnets fixed to the moving platen [8], iron core
[6], [8], or air core [1], [2], [5]. For force generation, there are
forces produced by the induced currents in short-circuit super-
conducting tracks [9], zero-field-cooled superconductors [10],
electrostatics [11], electromagnets [8], Lorentz coils [1], [2],
[5], [6], and Lorentz coils combined with permanent magnets
on both the mover and the stator [12].

Trumper et al. introduced the use of linear Halbach magnet
arrays for magnetic levitation [13]. In this configuration, a forcer
has a linear Halbach magnet array on top of 3-phase air-core
stator coils. Three phases of coil windings cover exactly half of
a spatial pitch of the Halbach array. The normal Lorentz force is
to levitate the moving magnets. Kim developed a nanoprecision
six-degree-of-freedom (6-DOF) maglev planar motor [1]. Hu
and Kim later developed a 6-axis maglev stage with the same
framework but the coils were moving atop a stationary Halbach
magnet matrix [2]. Zhang and Menq presented a 6-axis maglev
stage actuated by three 2-axis Lorentz-force linear actuators
[4]. Its travel range was 2 mm × 2 mm × 2 mm in translations
and 4◦ × 4◦ × 4◦ in rotations. This 2-axis linear-actuator design
allowed for a few degrees of rotation of the mover without
significant error in the force model.

In the family of the maglev positioning stages with 6-DOF
motions, nanoscale positioning resolution, and centimeter-order
travel ranges, there have been only a few designs reported [1],
[2], [14]. This paper is to propose and test a 2-phase Lorentz-coil
structure that can allow for the design of a 6-DOF maglev stage
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Fig. 1. Setup of the 6-axis maglev stage developed in this work.

added to that family. With a simple mechanical design, math-
ematical model and linear controller, the achieved positioning
resolution in XY of the 6-DOF maglev stage developed herein
is 10 nm compared to 20 nm in [2], 3-nm root-mean-square
(rms) positioning noise compared to tens of nanometers in [14].
In out-of-plane rotation, the stage presented in this paper can
achieve a record positioning resolution of 0.1 μrad. Compared
to other maglev stages reported in [15], [16], which offered
a positioning resolution only in the order of micrometers, the
control performance in this work is more advantageous in both
settling time and reduced perturbations.

To improve the nanopositioning performance, the number of
coils to be energized in each design is a factor that must be
considered. However, this has not been discussed in most of the
previous works. A greater number of coils lead to larger error
forces and torques added to the electromechanical system. The
sources of error include the geometrical defects of the coils and
their mounts. The imperfect perpendicularity and parallelism be-
tween coil sides and motor axes are another source of error. In ad-
dition, a greater number of coils lead to a higher number of power
amplifiers required to energize the stage, and larger uncertainty
due to the variations in coils’ resistance, inductance, and fill fac-
tor. These errors and uncertainties absolutely affect the accuracy
of the system’s mathematical model and the power-electronic
calibration. The number of coils used in [2], [14], and [17] were
at least 1.5 times larger than that of the stage developed herein.

In our conference paper [18], the theoretical framework of
two Lorentz coils and a linear Halbach array forming a forcer
and generating two independent force components was derived.
The mechanical design of a maglev stage was reported. How-
ever, the stage’s position was measured by Hall-effect sensors
with a 6-μm rms noise. Nanopositioning was not demonstrated.
The force calculation and the stage’s mathematical model were
not verified to be sufficiently accurate for nanoscale motions.
Control system design was not discussed in detail. In the work
presented herein, laser interferometers are used for in-plane po-
sition sensing. The stage’s nanopositioning capability is val-
idated. Parameter identification is employed to quantify the
effects of the force disturbance from the wires connected to
the platen and the dc control effort that levitates it. Controller
design is discussed, and experimental results include position-
ing resolution, motion trajectories, and maximum speed and
acceleration. Fig. 1 is a photograph of the 6-DOF maglev stage.

This paper is significantly different from our previous work
presented in [19], [20], where the stage could only perform
3-DOF motions in micrometer-scale precision. In this work, a

Fig. 2. (a) 3-D model of the forcer with two planar coils and the linear
Halbach array and (b) the coil sides and magnets’ cross-sectional view.

6-axis stage with eight Lorentz coils arranged in a cross config-
uration are built and tested. The motivation behind the selection
of this cross configuration having eight coils divided into four
sets, each with two phases, is to decouple the motions in all the
axes. This could not be achieved by the 6-coil structure arranged
in a triangle as in [19], [20].

In [2], the planar coils were placed vertically, and only the
bottom side of each rectangular coil (the closest to the magnet
matrix) was effective for force generation. Three other sides
were wasted and added more mass to the moving part. In this
paper, the planar coils are laid down and placed horizontally.
Two longer sides of each coil are effective for force generation.
In case the coil sides and the magnets depicted in Fig. 2 have the
same width in Y , the two coils cover a length of 1.5 L. Here, L
is the spatial pitch of the linear Halbach array, corresponding to
four magnet bars. Nine coils were needed for the same length in
[2]. With the same maximum currents, coil thickness, and coil
length, the peak force produced by this 2-phase forcer is 2/3
that of the 3-phase 9-coil forcer. The total coil volume of the
2-phase forcer is only 1/3 that of the 3-phase one. Hence, the
power density of the 2-phase forcer is approximately twice that
of the 3-phase one.

A key feature that makes the nanoscale motion of the stage
ultraquiet is the overlapped Lorentz coils. The coils are over-
lapped firstly to further reduce the area that they cover on the
frame of the moving platen. The total area and the mass of
the moving platen can, therefore, be reduced. Second, the over-
lapped coils help reduce the variance of the equivalent vertical
forces’ acting points by a factor of 2 compared to that of sepa-
rated coils, as depicted in Fig. 5(b). The coupling effects among
different control axes are, therefore, reduced due to smaller out-
of-plane error torques. This is the first time overlapped Lorentz
coils are demonstrated in maglev nanopositioning. Another key
feature of this paper is that the parameter identification method
discussed herein has not been attempted in the literature of ma-
glev positioning. None of the prior art discussed the design and
control to decouple all the axes by a minimum number of coils,
and how to reduce perturbations by the mechanical design and
force allocation, and the selection of control bandwidths for the
control axes.
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Section II of this paper discusses our theoretical framework
and the Lorentz force calculation. Section III presents the newly
developed 6-axis maglev stage. Mechanical dynamics of the
stage is presented in Section IV. Section V shows experimental
results and discussions to validate the theoretical framework.
Section VI gives the conclusions.

II. FRAMEWORK WITH 2-PHASE LORENTZ COILS AND A

LINEAR HALBACH ARRAY

A. Theoretical Framework

The moving-coil design is selected in this paper due to two
main reasons. First, the planar coil’s shorter sides ineffective
for force generation can be bent and placed farther away from
the top surface of the magnet array. This minimizes the coils’
end effects. The force calculation is, therefore, more precise and
greatly simplified. Second, the magnetic field generated by the
stationary magnet matrix can be measured to give the moving
platen’s in-plane positions. This helps initialize the platen’s po-
sition to be well aligned with the laser beams for nanoresolution
position sensing. Fig. 2(a) is a three-dimensional (3-D) model
of the forcer developed herein. The two coils are separated by a
270° phase difference. The cross-sectional view of the coils and
the Halbach array is depicted in Fig. 2(b).

On a plane close and parallel to the top surface of the magnet
array depicted in Fig. 2(b), the z-direction and y-direction flux
density components are sinusoidally dependent on the y-axis
position. The period of this variation is one spatial pitch of
the magnet array, L. The planar coils that constitute a forcer are
designed so that two effective sides of each coil are separated by
L/2. The magnetic-field components and the electric currents
in the two coil sides are equal in magnitude but opposite in
direction. The Lorentz forces at the two sides add up to be
twice that of each side. Two coils are required to produce two
orthogonal and independent force components. From the force
calculation of a single side, one can directly determine the total
Lorentz force of all four sides of the 2-coil forcer.

B. Magnetic Field of the Linear Halbach Array

In the space surrounding a linear Halbach array, the flux lines
are focused on one side. The magnetic flux density on that side is√

2 times stronger than that of a conventional magnet array [13].
The Halbach array is applicable in linear permanent-magnet
machines, where a precise and linear force model and high
force density are needed. Fig. 2(b) depicts a linear Halbach array
with 16 magnet pieces. The magnet array’s strong side is in the
positive z-direction. Above the array’s top surface, the magnetic
field has two components in the y- and z-directions. Assuming
that the magnet array is infinitely long in the y-direction, the
field solution was presented in [1], [13]. The y- and z-direction
flux-density components at the point (y, z) over the array’s top

Fig. 3. Right-rectangular-prism coil side for the derivation of volume
integration in the force calculation.

surface are

By (y, z) =
+∞∑

k=0

(−1)k cn (z) sin(γny) (1)

Bz (y, z) =
+∞∑

k=0

(−1)k cn (z) cos(γny) (2)

where

cn (z) =
2
√

2μ0M0

πn

(
1 − e−γn Δ)

e−γn z . (3)

In (1)–(3), n = 4k + 1, μ0 is the permeability of free space,
M0 is the permanent magnets’ peak magnetization, γn =
2πn/L, and Δ is the magnet array’s thickness in the z-axis.

C. Lorentz Forces Generated by a
Right-Rectangular-Prism Coil Volume

The calculation of the horizontal Lorentz-force components
in the XY plane was presented in [18], [19]. The calculation of
the normal force in the vertical axis is presented in this paper
with the use of the current density instead of the electric current
as in [18], [19]. To establish the current-force relation for a
forcer with two coils placed over a linear Halbach array, a right-
rectangular-prism coil side, as in Fig. 3, is considered.

All the segments of the winding in the right-rectangular-prism
volume of each coil side are assumed to be straight. For the two
longer sides of each coil in Fig. 2(a), the transverse Lorentz force
is generated by the z-axis flux density, Bz (y, z). The normal
Lorentz force is generated by the y-axis magnetic-flux density,
By (y, z). Volume integration is performed to calculate these
Lorentz forces. The reference point from which the integration
is taken is (x1, y1, z1), as noted in Fig. 3.

The Lorentz force fz generated by the y-axis flux density in
(1) is calculated. The amount of Lorentz force generated by an
incremental volume of dxdydz of the coil side is

df z = (Jdydzdxix) × (By iy ) = JBydydzdxiz (4)

where J (A/m2) is the current density flowing along the x-
direction in the coil side. The unit vectors in the x-, y-, and
z-axes are ix , iy , and iz , respectively. The z-direction Lorentz
force acting on a right-rectangular-prism coil volume with the
reference point of (x1, y1, z1) and dimensions of l in x, w in y,
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and h in z, is

flwh,z = J

∫

lwh

Bydxdydz

= J

∫ z1+h

z1

∫ y1+w

y1

+∞∑

k=0

qn (z) sin(γny)
(∫ x1+ l

x1

dx

)
dydz

(5)

where

qn (z)=(−1)k cn (z)=
(−1)k 2

√
2μ0M0

πn

(
1 − e−γn Δ)

e−γn z .

Using
∫ z1+h

z1

qn (z)
γn

dz =
1
γ2

n

qn (z1)
(
1 − e−γn h

)

we have

flwh,z = Jl

+∞∑

k=0

2
γ2

n

qn (z1) sin
[
γn

(
y1 +

w

2

)]

× sin
(γnw

2

) (
1 − e−γn h

)
. (6)

For the calculation of the y-direction force generated by the
same right-rectangular prism, one can refer to [19]

flwh,y = − Jl

+∞∑

k=0

2
γ2

n

qn (z1) cos
[
γn

(
y1 +

w

2

)]

× sin
(γnw

2

) (
1 − e−γn h

)
. (7)

D. Lorentz Forces Generated by a Rectangular Coil

Provided that the dimension of the magnet array in the x-axis
is larger than that of the coil side, neglecting the effects of the
coil corners, the two shorter coil sides as seen in Fig. 2(a) only
produce the x-direction force component. The electric currents
in the two shorter sides have equal magnitude and opposite
directions. Therefore, the two Lorentz forces in x generated by
the shorter sides cancel. For the calculation of the Lorentz forces
in y- and z-directions generated by coil 1, the coil’s reference
point for volume integration is (x, y, z), as in Fig. 2(b). The
distance between the coil’s bottom surface and the Halbach
array’s top surface is z.

The base points to calculate the Lorentz forces acting on
the right-rectangular-prism volumes I and III of coil 1 are
(x, y − a, z) and (x, y − a + L/2, z), respectively. From the
force calculation in Section II-C, the Lorentz forces in the y-
and z-axes generated by coil 1 are given below:

fcoil,z = J1 p

+∞∑

k=0

4
γ2

n

qn (z) sin
[
γn

(
y − a

2

)]

× sin
(γna

2

) (
1 − e−γn d

)
(8)

fcoil,y = − J1p

+∞∑

k=0

4
γ2

n

qn (z) cos
[
γn

(
y − a

2

)]

× sin
(γna

2

) (
1 − e−γn d

)
. (9)

It is assumed that the coil’s position in the vertical axis
is not changed in 6-axis closed-loop control. When the
coil moves along the y-axis, the amplitudes of the force
components in (8) and (9) associated with the higher har-
monics are negligible compared with that of n = 1. For
example, with Δ = 12.7 mm, z = 2 mm, p = 42.29 mm, a =
9.65 mm, and d = 2.54 mm, the force amplitudes of the 5th
and 9th harmonics are only 0.3% and 0.1% that of the funda-
mental harmonics, respectively. For linear controller design and
real-time implementation, the simplified force expressions are

fcoil,z =J1p
4
γ2

1

c1(z) sin
[
γ1

(
y − a

2

)]
sin

(γ1a

2

) (
1 − e−γ1d

)

(10)

fcoil,y = −J1p
4
γ2

1

c1(z) cos
[
γ1

(
y − a

2

)]
sin

(γ1a

2

)(
1 − e−γ1d

)
.

(11)

E. Lorentz Forces Generated by a 2-Coil Forcer With
270° or 90° Phase Difference

In Fig. 2, the forcer’s two coils are placed at a distance of
3 L/4 in the y-axis. They have a 270° phase difference. The
Lorentz forces generated by coil 2 in the z- and y-axes are
derived by substituting y + 3 L/4 for y and J2 for J1 in (10) and
(11). Here, J2 is coil 2’s current density. The resultant forces
generated by the forcer with two coils are

F12,z = b1(z)
{

J1 sin
[
γ1

(
y − a

2

)]
− J2 cos

[
γ1

(
y − a

2

)]}

(12)

F12,y = b1(z)
{
−J1 cos

[
γ1

(
y − a

2

)]
− J2 sin

[
γ1

(
y − a

2

)]}

(13)

where

b1 (z) = pc1(z)
4
γ2

1

sin
(γ1a

2

) (
1 − e−γ1d

)
.

In case the forcer’s two coils are overlapped and placed at
a distance of L/4 in the y-direction, their phase difference is
90°. The reference points of coils 1 and 2 are (x, y, z) and
(x, y + L/4, z), respectively. The Lorentz forces generated by
coil 2 are determined by substituting y + L/4 for y and the
current density J2 for J1 in (10) and (11). The forces in the z-
and y-axes generated by the forcer are, respectively,

F12,z = b1(z)
{

J1 sin
[
γ1

(
y − a

2

)]
+ J2 cos

[
γ1

(
y − a

2

)]}

(14)

F12,y = b1(z)
{
−J1 cos

[
γ1

(
y − a

2

)]
+ J2 sin

[
γ1

(
y − a

2

)]}
.

(15)

For a planar stage with the distance between the magnet
array and the coils varying in a small range, b1(z) in (12)–
(15) can be evaluated at the nominal air gap. The linear force-
current transformation, therefore, depends only on the platen’s
position in the y-direction. The platen’s position in z can still be
controlled precisely by a closed-loop controller. This is validated
with experimental results in Section V.
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Fig. 4. (a) FEM image of the magnetic flux density and (b) plots of the
force from FEM compared with that of analytical calculation.

F. Finite-Element-Method (FEM) Verification of the
Force Calculation

A 2-D FEM is applied to verify the correctness and ac-
curacy of the force calculation presented above. In the case
considered here, the Lorentz forces in y and z generated by
a forcer are obtained from an FEM and the analytical solu-
tion derived in Section II-E. The forcer has two overlapped
coils with a 90° phase difference. The geometrical parameters
as in Fig. 2 are Δ = 12.7 mm, z = 2 mm, p = 42.29 mm, a =
9.65 mm, and d = 2.54 mm. The two-coil forcer considered
herein is different from the one in Fig. 2 only in the distance
between the two coils, L/4 instead of 3L/4. The permanent
magnets are NdFeB 35. The current densities in the coils are
J1 = J2 = 4 × 106 A/m2. Fig. 4(a) shows the magnetic flux
density obtained from the FEM at a certain position of the coils
above the magnet array. In Fig. 4(b), the y-direction Lorentz
forces obtained analytically and by an FEM are plotted in a spa-
tial pitch in y of the magnet array. The error between the results
from the FEM and the analytical solution is within 1% of the
peak-to-peak force amplitude.

III. NEWLY CONSTRUCTED 6-AXIS MAGLEV STAGE

With two orthogonal and independent forces produced by a
forcer, multiple forcers can be grouped to form a linear motor or
a multi-DOF stage. Many coil pairs can be fixed to a common
platen moving over the same magnet array. To have a symmetric
configuration in x and y, four forcers are utilized for the 6-axis

Fig. 5. (a) Illustration of the four coil pairs, (b) the vertical forces gen-
erated by the four forcers, and (c) a photograph of the platen.

stage in this paper. Fig. 5(a) depicts the eight overlapped coils
in the platen.

The decoupled dynamics is realized thanks to two features
of the design. First, the forces in each axis, x and y, can be
generated independently by a set of only two opposite forcers,
1&2 and 5&6, and 3&4 and 7&8, respectively, which could
not be possible in [2], [18], [19]. The torque about each in-plane
axis, X ′- and Y ′, can be independently produced by a set of only
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two forcers, 1&2 and 5&6, and 3&4 and 7&8, respectively.
To generate a force or a torque, a greater number of forcers
lead to larger error forces and torques added to the system.
These errors can originate from the geometrical defects of the
structure with the motor axes not perfectly perpendicular or
parallel, coupling between forces generated by different motors,
and additional errors due to the variations in the coils’ resistance
and inductance.

The acting point of the resultant vertical force generated by
two overlapped coils, 5&6, for example, only stays in the narrow
space between the two adjacent sides close to the Y ′-axis, as
illustrated in Fig. 5(b). The torque about the Y ′-axis due to this
force can be neglected to greatly simplify the system model.
Only the vertical forces by the coil pairs 3&4 and 7&8 are
counted in the calculation of the torque about Y ′.

Fig. 5(c) shows the platen with its components. Each coil
side has N = 30 turns stacked in three layers. Its thickness,
width, and the effective length for force generation are d =
2.54 mm, a = 9.65 mm, and p = 42.29 mm, respectively. The
four sides of two overlapped coils are equally separated by L/4,
which is 12.7 mm. Each coil has the resistance of 0.19 Ω and the
inductance of 59 μH. The mass of each pair of two overlapped
coils is 51.3 g.

In the platen, there are a plastic frame, four pairs of overlapped
coils, four sensor mounts, three vertical laser displacement sen-
sors, two Hall-effect sensors, as shown in Fig. 5(c), and two
precision mirrors, as seen in Fig. 1. Delrin Acetal resin, a ma-
terial with high tensile strength (62–73 MPa) and low density
(1.4 g/cm3) is used to make the platen’s frame and the sensor
mounts. In Fig. 5(c), the parts fixed to the frame’s corners house
the vertical laser sensors and support the air bearings (needed for
initial testing). A laser head (HP 5517D) and three interferom-
eters (HP 10706B) manufactured by Agilent Technologies are
used to measure the platen’s positions in x, y, and θz . The di-
mensions of the frame are 143 mm × 143 mm. The total height
of the frame and sensor mounts without the vertical laser sen-
sors is 18.03 mm. The total mass of the platen is m = 0.75 kg.
Its moments of inertia about the X ′-, Y ′-, and Z ′-axes are Ix =
Iy = 0.0019 kg � m2, and Iz = 0.0036 kg � m2, respectively.

IV. SYSTEM DYNAMICS OF THE 6-DOF MAGLEV STAGE

For this stage, the travel range of the platen is 40 μm in z while
the distance between the magnets’ top surface and the coils’
bottom surface is 1.6 mm. The rotations about the horizontal
axes are within 1 μrad. The force model was derived with the
assumptions that the Z-axis position in the force calculation
is fixed at 1.6 mm and the coil sides are aligned with the X-
or Y-axis. With this, the system model derived herein is linear.
With the platen considered a pure mass, the system dynamics is
based on Newton’s second law

mẍ = Fx,mÿ = Fy , Iz θ̈z = Tz (16)

mz̈ = Fz , Ix θ̈x = Tx, Iy θ̈y = Ty . (17)

The platen’s positions in the X-, Y-, and Z-axes are x, y, and
z, and its rotation angles about the X ′-, Y ′-, and Z ′-axes are
θx, θy , and θz , respectively. The XY Z and X ′Y ′Z ′ frames in
Fig. 5(a) are fixed to the magnet matrix and the moving platen,

respectively. Fx, Fy , and Fz are the total forces generated by all
the forcers in the X-, Y -, and Z-axes. Tx, Ty , and Tz are the
total torques acting on the platen about the X ′-, Y ′-, and Z ′-
axes, respectively, generated by the Lorentz forces at the forcers.
In targeted applications, the platen’s position in z is controlled
only to track a constant reference. To levitate the platen from
rest to a certain height, the control effort in z is increased by
repeatedly feedforwarding a constant amount. This is done while
the control loops in x, y, and θz are closed. After that the loop
in z is closed. Therefore, in (17), the platen’s weight is omitted.
It is eventually canceled by the dc control effort.

The transformation between the total forces and torques act-
ing on the platen and the forcers’ Lorentz forces is

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

Fx

Fy

Tz

Fz

Tx

Ty

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 1 0 0 0

0 0 1 0 0 0 1 0

l 0 l 0 −l 0 −l 0

0 1 0 1 0 1 0 1

0 −l 0 0 0 l 0 0

0 0 0 −l 0 0 0 l

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F12,x

F12,z

F34,y

F34,z

F56,x

F56,z

F78,y

F78,z

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= A

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F12,x

F12,z

F34,y

F34,z

F56,x

F56,z

F78,y

F78,z

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (18)

In the 6 × 8 matrix of A, l = 0.05207 m is the distance from
the midpoint of each coil side to the platen’s symmetric axis
perpendicular to that side. The relation between the electric
currents and the eight Lorentz forces generated by the forcers is

[F12,x F12,z F34,y F34,z F56,x F56,z F78,y F78,z ]
T

= b∗(z)

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sx −cx 0 0 0 0 0 0

cx sx 0 0 0 0 0 0

0 0 cy sy 0 0 0 0

0 0 −sy cy 0 0 0 0

0 0 0 0 cx −sx 0 0

0 0 0 0 −sx −cx 0 0

0 0 0 0 0 0 −sy −cy

0 0 0 0 0 0 −cy sy

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

i1

i2

i3

i4

i5

i6

i7

i8

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(19)

where sx = sin(γ1x2), cx = cos(γ1x2), sy = sin(γ1y8), and
cy = cos(γ1y8). The positions of the base points, x2 and y8

are shown in Fig. 5(a). The electric current in the jth coil is ij

b∗ (z) =
N

da
b1 (z) = pc1(z)

4N

daγ2
1

sin
(γ1a

2

) (
1 − e−γ1d

)

(20)

where c1(z) is evaluated at the nominal gap of z0 = 0.0016 m.
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From (18), to have a linear transformation between the total
forces and torques acting on the platen and the control efforts
ux, uy , uθz , uz , uθx , and uθy , the pseudoinverse of the matrix A
is calculated to be B and used as follows:

[F12,x F12,z F34,y F34,z F56,x F56,z F78,y F78,z ]
T =2Bb∗(z0)U

U = [uxuy uθz uz uθx uθy ]T . (21)

With (18) and (21), all six control axes can be decoupled. The
linear system model is as below:

[
mẍ mÿ Iz θ̈z mz̈ Ix θ̈x Iy θ̈y

]T

= 2b∗(z0)U. (22)

The transformation between the eight electric currents and
the six control efforts is established from (19) and (21)

[i1 i2 i3 i4 i5 i6 i7 i8]
T

=
1

b∗(z0)

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sx cx 0 0 0 0 0 0

−cx sx 0 0 0 0 0 0

0 0 cy −sy 0 0 0 0

0 0 sy cy 0 0 0 0

0 0 0 0 cx −sx 0 0

0 0 0 0 −sx −cx 0 0

0 0 0 0 0 0 −sy −cy

0 0 0 0 0 0 −cy sy

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F12,x

F12,z

F34,y

F34,z

F56,x

F56,z

F78,y

F78,z

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(23)

Substituting the left-hand side of (21) into (23), we have

[i1 i2 i3 i4 i5 i6 i7 i8]
T = 2Sxy B [ux uy uθz uz uθx uθy ]T .

(24)

Here, Sxy is the 8 × 8 matrix in (23).

V. EXPERIMENTAL VALIDATION

The system model given in (22) allows the system to be
decoupled into six linear single-input-single-output subsystems
for the six control axes. The transfer functions of the plants to
be controlled in x, y, θz , z, θx , and θy are as follows:

Gxy (s) =
2.27
s2

, Gθz (s) =
473.25

s2
(25)

Gz (s) =
2.27
s2

, Gθx y
(s) =

896.68
s2

. (26)

When the platen is at rest, the distance between the top surface
of the magnet matrix and the bottom surface of the coils is
already 0.0016 m. This includes the thickness of an epoxy layer
and a thin aluminum plate on top of the magnet matrix. A dc
control effort is used to stably levitate the moving platen in the
vertical axis to a nominal height within 40 μm from rest (while
the controllers in x, y, and θz are in closed loop). This travel
range is significantly smaller than 0.0016 m. Therefore in the
force calculation z is fixed at 0.0016 m and the forces generated
by each forcer are dependent only in x or y. The dc control effort
is to maintain a sufficient stiffness of the platen and to allow for
a small closed-loop control bandwidth in z. This greatly reduces
the effect of the sensing noise on the output.

For the in-plane control axes of x, y, and θz , because the
wires vertically connected to the platen from the ceiling are
considerably longer than the platen’s travel range in xy, their
effect on the in-plane motions is negligible. For the out-of-
plane axes, θx, θy , and z, parameter identification needs to be
implemented to take into account the effects of the dc control
effort and the force disturbances from the wires.

This maglev system is open-loop unstable. To maintain its
stability, the control of the stage needs to follow the initiation
steps as follows. First, the controllers in the in-plane motions
(x, y, and θz ) must be in closed loop, being designed and tuned
to have negligible steady-state errors, sufficiently small rms po-
sitioning noise (5 nm or smaller), and sufficiently large control
bandwidth (80 Hz or larger). After the stage’s in-plane axes
are in closed-loop control, a feedforward control effort is intro-
duced to levitate the stage up to a nominal height (within 40 μm
from rest). After the maglev stage is levitated, the steady-state
errors in x and y are unnoticeable at the nanometer scale. When
the feedforward control effort is still effective, closed-loop con-
trol with small bandwidth (a few hertz) is introduced in z. The
closed-loop control in z is to adjust the stage’s position precisely
within the range of a few micrometers from the nominal posi-
tion. It is possible to hold the stage stably in magnetic levitation
without closed-loop control in the rotation about the horizontal
axes (θx and θy ). However, to produce stable motions in x and
y in magnetic levitation, the control loops in θx and θy need
to be closed to reduce the fluctuations in out-of-plane rotations
during motions. The steps listed above are performed within a
few seconds. Then, the stage is ready to generate all 6-DOF
motions in magnetic levitation.

The following proportional-integral-derivative (PID) con-
troller is implemented for the subsystems in x and y with the
transfer functions given in (25)

Cxy (s) = 36000 + 100s + 2400000/s. (27)

The phase margin is 33.2°, the crossover frequency is 49.8 Hz,
and the closed-loop bandwidth is 87.8 Hz. This control band-
width is sufficient to reject low-frequency disturbances from the
cables and maintain sufficient stiffness in x and y. A tradeoff to
the high bandwidth is the 13-dB peak of the closed-loop gain at
44.9 Hz. Therefore, for large (1 mm or longer) stepping motions
in x and y, perturbations in the other axes induce the vibrations
back to the x- and y-axes. Hence, input shaping is required to re-
duce the perturbations in all the axes, and a trapezoidal-velocity
profile is used in this paper.

The continuous-time PID controller for θz is designed to be

Cθz
(s) = 300 + s + 24000/s. (28)

This control system has the phase margin of 57.1°, crossover
frequency of 81.3 Hz, and closed-loop bandwidth of 154.3 Hz.
The stage has less vibration when the control bandwidth in θz

is higher than that of x and y. The reason is that any pertur-
bations in θz cause considerable perturbations in x and y but a
perturbation in x or y alone may cause no significant fluctuation
in θz . Therefore, the control system’s bandwidth in θz must be
sufficiently high to reject a disturbance before it induces other
perturbations in x and y.
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Parameter identification is performed for the system (when
the platen is already levitated by the dc control effort) to quantify
the effects of both the dc control effort and the force disturbance
from the umbilical wires. From observations based on the em-
pirical data, the dc control effort and the wires not only have
the stiffness effect but also the damping effect. Therefore, to
better represent the dynamics of the out-of-plane systems, the
pure-mass models in z, θx , and θy are augmented to be mass-
spring-damper ones. The new model of the dynamics in z has
the form of

Gz (s) =
2b∗ (z0)

ms2 + cs + k
=

1.7037
0.75s2 + cs + k

. (29)

The spring constant k is identified empirically. A known dc
control effort (–0.1, 0.1, or 0.2 A) is introduced while the platen
is stably lifted up to a certain height within 40 μm. The dc control
effort cancels the moving platen’s weight and maintains a cer-
tain position of the platen in z. Any displacements of the platen
from this equilibrium are caused by the added control effort.
From this, the dc gain of the transfer function in (29) is deter-
mined, and the spring constant k is estimated to be 94600 N/m.
The damping coefficient c in (29) is identified by the phase
lag between the output and the sinusoidal input to the open-loop
system. While the platen is magnetically levitated by the dc con-
trol effort in open loop, a sinusoidal input in z is introduced, and
the output is recorded. From k = 94600 N/m and the observed
phase lag with sinusoidal inputs, the damping coefficient c is
calculated to be 890 N·s/m. The system model in z identified in
the vicinity of the nominal position maintained by the dc control
effort is

Gz (s) =
1.7037

0.75s2 + 890.1s + 94600
. (30)

The suspension of the moving platen with the four forcers
arranged in a cross configuration can be modeled as four par-
allel supports, each comprising a spring and a damper. These
four supports equally contribute to the total spring constant of
94600 N/m and damping coefficient of 890 N·s/m. Therefore,
the torsional stiffness and damping coefficient for the out-of-
plane rotations, θx and θy , are identified from the linear spring
constant and linear damping coefficient. These parameters and
the plant model in θx and θy are as follows:

ktorsional = (k/2)l2 = 128 N·m/rad

ctorsional = (c/2)l2 = 1.21 N·m·s/rad

Gθx y
(s) = 1.7037/(0.0019s2 + 1.21s + 128). (31)

Here, l = 52.1 mm is half the distance between the two op-
posite forcers. The closed-loop controllers in z and θxy are

Cz (s) = 40000 + 560000/s (32)

Cθx y
(s) = 70 + 0.09s + 17600/s. (33)

The closed-loop controller in z is to finely adjust the platen’s
position within a few micrometers from the nominal position
maintained by the dc control effort. This generates certain force
stiffness in z so that, in addition to the dc control effort, only a
small closed-loop bandwidth in z is required. It is 1.2 Hz in this

Fig. 6. (a) Plot of the platen’s position in z where it is lifted up by an
open-loop control effort before the time of 9 s. (b) Fourier transform of the
position noise shown in (a) between 7 and 9 s, and (c) Fourier transform
of the noise in 10–12 s, and (d) Bode plot of the closed-loop system in z.

case. The sensing noise’s effect can, therefore, be minimized.
Fig. 6(b) and (c), respectively, shows the frequency spectrum of
the positioning noise before and after the closed-loop controller
is added at 9 s, as can be seen in Fig. 6(a). Fig. 6(d) is the Bode
plot of the closed-loop system.

Fig. 7(a) shows two steps in x with the step size of 10 nm.
The rms noise in steady state is within 3 nm. In Fig. 7(b),
two steps of −4 μm and 8 μm were generated at 14.5 and
15.5 s, respectively. The overshoot of the responses is 3.25%,
and the settling time is within 0.32 s. Fig. 7(c) presents three
steps of 2 μm in z. The damping effect is clearly seen. This
is due to the cables connected to the moving platen and the
dc control effort to levitate the platen before the closed-loop-
control motions are performed. Fig. 7(d) shows the smallest
step size of 0.1 μrad in the out-of-plane rotation. Three con-
secutive steps of 0.1 μrad were performed in θx . After the forth
step of −0.3 μrad, the platen moved back to the original angular
position of −6.19 × 10−5 rad. Among the 6-DOF centimeter-
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Fig. 7. Plots of step responses performed in each individual axis.

range nanopositioning stages, this is the best out-of-plane an-
gular positioning resolution reported. Fig. 7(e) presents two
consecutive steps of 1 μrad in the rotation about the vertical
axis. In Fig. 7(f), there are three steps of 0.5 μrad and one step
of −1.5 μrad in θy .

Fig. 8 gives the positions of all six axes in magnetic levitation,
where two circular motions with the diameter of 6 mm are
performed in the xy plane. Right after the completion of the first
circular motion, at 14 s, the maglev stage was paused for 0.125 s.
The perturbations in θz , θx , θy , and z are within 50, 290, 430, and
20 μm, respectively.

The positioning precision reported above verifies the force
calculation and the theoretical development of the 2-phase
Lorentz-coil framework. The parameter identification is not to
change the result of the force calculation. It just adds two more
parameters to quantify the effects of the dc control effort and
the external force disturbances. In (29), b∗(z0), the contribution
of the force calculation in the system model, still stays in the
augmented model.

Fig. 8. Two circular motions with the diameter of 6 mm in the xy plane.
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Fig. 9. Responses in a test with a load of 539.6 g added to the platen.

Fig. 10. The response in x to a trapezoidal-velocity input shaping with
the displacement of (a) 12 mm, (b) 24 mm, and (c) 56 mm.

Fig. 9(a)–(c) shows the responses in z, θx , and θy of an ex-
periment in which a load of 539.6 g is added to the platen
from the beginning with the same controllers. With the added
mass, the errors of the system models in x, y, θx and θy are
significantly larger. The peaks of the associated closed-loop
transfer functions’ gains are also larger. This results in the in-
creased output noise when the loaded platen moves up in z.
However, the closed-loop controllers effectively drive the out-
of-plane angular positions, θx and θy , of the platen to the initial

set points. Fig. 10 is the motion in x in response to a trapezoidal-
velocity input shaping. It is performed within 0.3 s with a travel
distance of 12 mm. The velocity and acceleration are 60 mm/s
and 0.6 m/s2, respectively. Fig. 10(b) is the response to the
same type of input shaping in the same time length, but the
displacement is 24 mm. The achieved velocity and acceleration
are 120 mm/s and 1.2 m/s2, respectively. Fig. 10(c) shows the
trapezoidal position profile of another translational motion with
the displacement of 56 mm.

VI. CONCLUSION

A universal framework with 2-phase planar Lorentz coils and
a linear Halbach magnet array was developed and verified in this
paper. The two orthogonal Lorentz forces generated by each 2-
coil forcer are sinusoidally position-dependent in one horizontal
axis. This framework allows for the force allocation of linear ma-
glev motors and multiaxis stages. The framework was verified by
a 6-axis maglev stage. Experimental results validated the force
model and verified the reduced coupling between the forcers and
that among the control axes. This 6-DOF stage is highly applica-
ble in nanoprecision manipulation and assembly, stepping and
scanning, and vibration isolation. This multiaxis stage is criti-
cally needed in applications, where both scanning and alignment
are required concurrently. Targeted applications include preci-
sion stages for direct laser writing, stereo-lithography, and addi-
tive manufacturing of structures with the minimum feature size
at the micro- and nanoscale. The framework presented herein
can also be applied for moving-magnet motion-control stages
with the dimension of the moving magnet array in the transla-
tional direction larger than that of the stationary coils to reduce
the magnets’ end effects.
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